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Abstract: The Doppler’s effect is well known. We have studied the relativistic Doppler’s effect by the 
Special Lorentz transformations, Most General Lorentz transformations and Mixed Number Lorentz 
transformations. It is observed that the phenomenon of relativistic Doppler’s effect is the same in the 
three cases, i.e. Special, Most General and Mixed Number Lorentz transformations.
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Introduction

Mixed Number

 Mixed number [1-5], α is the sum of a sca-
lar x and a vector , i.e.α = x + . It has satis-
factory mathematical tools [2]. We have given 
below the summery of the mathematical tools 
of Mixed number algebra.

 Two Mixed numbers α and β are equal if 
x=y and  = . The addition of the two Mixed 
numbers can be written as

α + β = (x+y)+(  = ) (1)

where α = x +  and β = y + .

The Mixed number, , 
where x, A1, A2, and A3 are scalar values and 

 and  are basic or unit Mixed numbers. The 
properties of the basic Mixed numbers are:
 

 

where .

These have the following multiplication Table:

1

1 1

1 i -i

-i 1 i

i -i 1

The product of two the Mixed numbers α and β 
is defi ned as

 (2)

where .  is the scalar product and  x  is 
the vector product of the vectors  and . The 
product of Mixed numbers is associative, i.e. 

(αβ) γ = α (β γ) (3)

where  is another Mixed number. Tak-
ing x = y = 0, we get from equation (2)

__________________________
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 (4)

(the symbol ⊗ is chosen for Mixed product)

Special Lorentz Transformations

 Let us consider the two inertial frames of 
reference S and S’, where the frame S is at rest 
and the frame S’  is moving along X-axis with 
velocity V with respect to the frame S. We have 
assumed that the origins of both the frames S 
and S’  coincides at the time t=t’ =0. The rela-
tionship between the coordinates of the frames 
S (x, y, z, t) and S’, (x’, y’, z’, t’) which is called 
the Special Lorentz transformations, can be 
written as [6].

 (5)

where 

and c = 1.

The inverse special Lorentz transformations can 
be written as [6]

 (6)

Most General Lorentz Transformations

 When the velocity  of the frame S’ with 
respect to the frame S is not along X-axis, i.e the 
velocity  has three components Vx, Vy and Vz, 
then the relationship between the coordinates of 
the frames S and S’, which is called the Most 
General Lorentz transformations, can be written 
as [7]

 (7)

where  and c = 1.

The inverse Most General Lorentz transforma-
tions can be written as

 (8)

Mixed Number Lorentz Transformations

 Let us consider that the velocity  of the 
frame S’ with respect to the frame S is not along 
X-axis i.e. the velocity  has three components 
Vx, Vy and Vz. Using the Mixed number alge-
bra, the relationship between the coordinates of 
the frames S and S’, which is called the Mixed 
Number Lorentz Transformations can be writ-
ten as [8-10]

 (9)

where  and ’ be the space part of the frames 
S and S’, respectively.

The inverse Mixed Number Lorentz transfor-
mations can be written as [8-10]

 (10)

Relativistic Doppler’s Effect

 The Doppler’s effect [11] is an apparent 
change in frequency of a wave that results from 
the motion of source, or observer, or both. The 
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relativistic Doppler’s effect [12] is the change 
in frequency and wave length of light, caused 
by the relative motion of the source and the ob-
server such as in the regular Doppler’s effect, 
when taking into account effects of the special 
theory of relativity. The relativistic Doppler’s 
effect is different from the true (non-relativis-
tic) Doppler’s effect as the equations include 
the time dilation effect of the special relativ-
ity. They describe the total difference in the 
observed frequencies and possess the required 
Lorentz symmetry.

 We can analyze the Doppler’s effect [13] 
of light by considering a light source as a clock 
that ticks v0 times per second and emits a wave 
of light with each tick. In the case of observer 
receding from the light source, the observer 
travels the distance Vt away from the source 
between the ticks, which means that the light 
wave from a given tick takes  longer to reach 
him than the previous one. Hence the total time 
between the arrival of successive waves is

and the observed frequency is
 

In the case of the observer approaching the light 
source, the observed frequency is

We want to study this phenomenon by the Spe-
cial, Most General and Mixed Number Lorentz 
transformations.

Relativistic Doppler’s effect in the special 
Lorentz Transformations

 Let us consider the two frames S and S’, 
the latter moving with velocity  relative to the 
former along a positive X-axis. Let the trans-
mitter and the receiver be situated at origins O 
and O’ of the frames S and S’, respectively. Let 
the two light signals or pulses be transmitted at 
time t = 0 and t = T, T being the true period of 
light pulses. Let  be the interval between the 
reception of these pulses by the receiver in the 
frame S’. Obviously  is the proper time inter-
val T’ between these pulses (since the observer 
or the receiver is at rest in frame S’).

 Using the inverse Lorentz transformations, 
we can write

  (11)

 and  (12)

but

  (13)

 where c  = 1.

 Using (11), (12) and (13) we can write 
[14]

  (14)

 where v and v’ be the actual and the ob-
served frequencies of light pulses, respectively. 
Equation (14) is the Doppler’s relativistic for-
mula for light waves in the Special Lorentz 
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transformations. In terms of the actual and ap-
parent wave lengths λ and λ’, equation (14) can 
be written as

  (15)

Relativistic Doppler’s effect in the Most Gen-
eral Lorentz transformations

 Let us consider the two frames S and   S’ 
where the relative velocity of the frame S’ and 
the frame S is not parallel to the X-axis, i.e. the 
velocity  of the frame S’ has three components 
Vx, Vy, and Vz. Let the transmitter and the receiv-
er be situated at origins O and O’ of the frames 
S and S’, respectively. Let the two light signals 
or pulses be transmitted at time t = 0 and t=T, 
T being the true period of light pulses. Let  
be the interval between the reception of these 
pulses by the receiver in the frame S’. Obvi-
ously  is the proper time interval T’ between 
these pulses (since the observer or the receiver 
is at rest in frame S’). Since observer continues 
to be at O’ all the time, the distance Δ covered 
by him in the frame S’ during the reception of 
two pulses is zero.

Using the space part of the inverse Most Gen-
eral Lotentz transformations [7] of equation (8), 
we can write

 (16)

Since ∆  = 0 and  = T’, the equation (16) can 
be written as

∆  =  T’γ.   (17)

This equation (17) shows that the second pulse 
has to travel this extra distance ∆  more than 
the first pulse in the frame S. Also using the 
time part of the inverse Most General Lorentz 
transformations [7] of equation (8), we have

 (18)

 (Since ∆ ’ = 0 and  = T’)

 This relation includes both the actual time 
period T of the pulses and the time taken     
by the second pulse to cover the extra distance 

 in the frame S, i.e.

  (19)

 where c = 1.

 Using equations (17), (18) and (19), we 
can write

  (20)

 If v and v’ be the actual and observed fre-
quencies of light pulses, respectively, we have 

 and , then equation (20) gives

  (21)

Fig 1. The frame S’ is moving in any arbitrary direction 
with velocity  relative to the frame S.
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This equation (21) is the formula of the rela-
tivistic Doppler’s effect in the Most General 
Lorentz transformations for light. In terms of 
the actual and the apparent wave lengths, λ and 
λ’, the equation (21) can be written as

 (22)

Therefore, we can explain the phenomenon of 
relativistic Doppler’s effect by the Most Gen-
eral Lorentz transformations.

If  (1 + ) and (1  – ) be the two Mixed num-
bers, then using equation (2), we can write

 (23)

Using equation (23), equation (21) can be writ-
ten as

 (24)

Therefore, using the Mixed number algebra, the 
equation (24) is the formula of the relativistic 
Doppler’s effect in the Most General Lorentz 
transformations.

Relativistic Doppler’s effect in the Mixed num-
ber Lorentz transformations

 Let us consider two frames S and S’ where 
the velocity of the frame S’ with respect to the 
frame S is not along X-axis, i.e. the velocity  
of the frame S’  has three components Vx, Vy, 
and Vz. Let the transmitter and receiver be situ-
ated at origins O and O’ of frames S and S’, 
respectively. Let the two light signals or pulses 
be transmitted at time t = 0 and t = T, T being 
the true period of light pulses. Let  be the in-
terval between the reception of these pulses by 

the receiver in the frame S’.  Obviously, since 
the observer or the receiver is at rest in frame S’, 

 is the proper time interval T’ between these 
pulses. Since the observer continues to be at O’ 
all the time, the distance ∆r’ covered by him 
in the frame S’ during the reception of the two 
pulses is zero.

 Using the space part of the inverse Mixed 
Number Lorentz transformations [8-10] of 
equation (10), we can write

 (25)

Since ∆ =0 and =T’, then equation (25) can 
be written as

 (26)

This equation (26) shows that the second pulse 
has to travel this extra distance ∆  than the fi rst 
pulse in the frame S to be able to reach at origin 
O’ in the moving frame S’. Using the time part 
of the inverse Mixed Number Lorentz transfor-
mations [8-10] of equation (10), we can write 

 (27)

Since ∆ ’ = 0 and  = T’, then equation (27) 
can be written as

∆t = λT’.   (28)

This relation includes both the actual time pe-
riod T of the pulses and the time taken  by 
the second pulse to cover the extra distance ∆  
in the frame S, i.e.

  (29)

Using c = 1, the equation (29) can be written as

 = T + ∆ .  (30)
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Using the equations (26), (28) and (30), we can 
write

  (31)

Using equation (23), the equation (31) can be 
written as

  (32)

If v and v’ be the actual and observed frequen-
cies of light pulses, respectively, we have  
and , then equation (32) gives

  (33)

This equation (33) is the formula of the rela-
tivistic Doppler’s effect in the Mixed Number 
Lorentz transformations for light. In terms of 
the actual and the apparent wave lengths, λ and 
λ’, the equation (33) can be written as

  (34)

Therefore, we can explain the phenomenon of 
relativistic Doppler’s effect by the Mixed Num-
ber Lorentz transformations.

Table 1
Comparison of the relativistic Doppler’s effect in the 
special, Most General and Mixed Number Lorentz

transformations.

Rela-
tivistic 

Doppler’ 
effect

Special Lorentz 
transformations.

Most General 
Lorentz 

transformations.

Mixed 
Number Lorentz 
Transformations.

Conclusion

 We have discussed the phenomenon of rel-
ativistic Doppler’s effect by the Special, Most 
General and Mixed Number Lorentz transfor-
mations. Using the mixed number algebra, we 
have reformulated the formula of relativistic 
Doppler’s effect in the Most General Lorentz 
transformations. We have observed that the 
formulae of relativistic Doppler’s effect in the 
three cases, i.e. the Special, the Most General 
and the Mixed Number Lorentz transformations 
are the same. This paper will be helpful for the 
study of relativistic Doppler’s effect in the case 
of three-dimensional velocity.
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