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Abstract: In this work we use a generalized tanh method to solve the Korteweg-deVries equation and
Korteweg-de Vries-Burgers equation. The main idea of the method is to take full advantage of the
Riccati equation that the Tanh function satisfies. New multiple soliton solutions are obtained for the
Korteweg-de Vries and Korteweg-de Vries-Burgers equations.
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Introduction

In recent years, finding exact solutions of
nonlinear partial differential equations (PDE’s)
has become more attractive due to the use of
widespread of computer algebraic systems
(CAS) such as Maple and Mathematica, which
allows us to do tedious and lengthy manipula-
tions and help us to find new exact solutions of
nonlinear PDE’s. Many methods have been used
to obtain traveling solitary wave solutions to
non-linear PDE’s, such as the inverse scattering
method [1], Hirota’s method [2], the hyperbolic
tangent function method [3], the sine-cosine
method [4], Backlund transformation method
[5], the homogeneous balance [6,7], Darboux
transformation [8], and the Jacobi elliptic func-
tion expansion method [9].

Recently, a generalized tanh function meth-
od [10] has been proposed to find new exact
solutions to nonlinear PDE’s. The goal of this
work was to extend the generalized tanh func-
tion (GTF) method to solve the KdV and KdV-
Burgers equations.

Description of the method

First, and before we describe the general-

ized tanh function method, we briefly discuss
the tanh method.

Consider the general nonlinear wave PDE’s,
say, in two variables

ut =G(u9ux’uxx"")' (1)

In order to apply the tanh method, the in-
dependent variables, x and ¢, are combined into
a new variable, {=«x(x — wt), where x and w
represent the wave number and velocity of the
traveling wave, respectively. Both are undeter-
mined parameters with the assumption that x >0.
Therefore, u(x,?) is replaced by u(¢), which de-
fines the traveling wave solutions of (1). Equa-
tions such as Eq. (1) are then transformed into

2
—Ka)%:G u,kﬂ,xzd—?,... . (2)
dé dg d¢

Hence, under the transformation {=x(x—wt), the
PDE in Eq. (1) has been reduced to an ordinary
differential equation (ODE) given by Eq. (2).
The resulting ODE is then solved by a finite se-
ries of tanh functions of the form

u(&) = Z":a S tanh’ &, 3)
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where 7 is a positive constant that can be deter-
mined by balancing the linear term of highest
order with the nonlinear term in (2), and a,q,...
a, are parameters to be determined.

The main idea of the generalized tanh func-
tion is to use the Riccati equation that the tanh
function satisfies and replace the tanh ¢ by the
solution Y of the Riccati equation. The Riccati
equation is given by

Y'=A+BY’ (4)

where "= diand A and B are constants. The fol-
lowing are Special solution of Eq. (4).

Case 1: When 4 = ', B =- %, then (4) has
the solutions coth & £ csch &, tanh & +
i sech &i*=-1).

Case 2: When 4 = B =t)4, then (4) has the so-
lutions ¢ sec &+ tan &, csc &+ icot &,

Case 3: When 4 =1, B = -1, then (4) has the
solutions tanh &, cot &.

Case 4: When 4 =B =1, then (4) has the solu-
tions tan ¢&.

Case 5: When 4 = B = -1, then (4) has the so-

lutions cot ¢&.
By introducing the independent variable
Y=tanh &

The solution of Eq. (1) can be written in the
form

u(x,t) =u(&) :Zn:anj. (5)

By balancing the linear term of highest order
with the nonlinear term in Eq.(1), we can deter-
mine z in Eq. (5). Substituting (4) and (5) into
(2) produces an algebraic equation in terms of

a,a,....da,. Since all coefficients of ¥/ must van-
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ish, a,a,...,a. are determine d from the result-
ing relations.

To illustrate the method, we consider the
KdV and the KdV-Burgers equation.

The KdV equation

Let us first consider the ID KdV equation
which has the form

u, +ruu, + u_ =0 (6)

u(x,t)=u(é), E=x(x—ot). (7)

Substituting (7) into (6), we obtain
—xou'+kuu'+ex u® =0 (8)

Balancing the order of the nonlinear term wu’
with the linear term u#® in Eq. (8), we obtained
n = 2. Thus, the solution has the form

u(§)=a0+a,Y+a2Y2 (9)
Substituting (4) and (9) into (8), collecting the
coefficients of Y, yields to a system of algebraic
equations. Solving the resulting system, with

the aid of Maple, we obtain the following set of
solutions:

a,=w—-8sx>AB, a, =0,

a,=-12ex’B*, k=K, 0=0.

Using the special solutions of Eq. (4), we ob-
tain

Case 1: When 4 ="', B= -, then
a,=w+2ex’, a, =0,
a,=-3¢x’, K=K, O=0,

and

u, =a, +a,(tanh & +sec h&)?,
u, =a,+a,(cothg tcsché),
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Case 2: When A =B == %, then

2
a,=w-2ek", a =0,

a, =-3¢x’, K=K, W=,

and

u, =a, +a,(secé +tan &)?,

u, =a, +a,(cscé +cot)’,
Case 3: When 4 =1, B=-1, then

2
a,=w+8sk”, a =0,

2
a, =—12¢ex", K=K, W=,

and

_ 2
us; =a, +a, tanh” &,

u, =a, +a,coth” &

Case 4: When A =B =1, then

2
a,=w+8ex”, a, =0,

2
a, =—12¢ex", K=K, =0,
and
_ 2
u, =a,+a,tan” &.

Case 5: When 4 =B = -1, then

2
a,=w—-8kx ~, a, =0,

2
a, =-12¢x", k=x, =0,

and

_ 2
ug =a, +a,cot” &,

where ¢ = k(x — wf), and k, ® are arbitrary con-
stants.

L. Wazzan

The KdV-Burgers equation

u, +uu, —vu  +eu, =0, (10)
where ® and v are positive constants.

In order to obtain traveling wave solutions
for Eq. (10), we use

u(x,t) =u($), &=r(x-ot) (11)
Substituting (11) into (10), gives
—kou'tkuu' —victu'+ ex’u"" = 0. (12)

Balancing uu’ with uu’” yields =2. Hence, Eq.
(5) gives

u(l)=a,+aY +a,Y’. (13)

Again substituting (4) and (13) into Eq. (12)
and collecting the coefficients of Y, yields to a
system of algebraic equations. Solving the re-
sulting system, with the aid of Maple, we obtain
the following sets of solutions:

3v? 6v:B |1
a, = tw , a =% —,
25¢ 25¢ \ AB

3Bv? v -1
= , K‘:+ a =
254¢

a,

“10e V4B

Using the special solutions of Eq. (4), we ob-
tain

Case 1: When A=Y, B=-Y%,then

3p? _ 6V’
a, = +w, a =+ ,
25¢ 25¢
2
az——3v s =iL,a)=a),
25¢ 5¢
and

u, = a, +a,(tanh & +isec hé) + a, (tanh & +isec hé)’,
u, = a, +a,(coth & + csché) +a, (coth & + csché)’.
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Case 2: When A =B == !, then

3 +250¢ 6y 3v? LV
Qy=—"7—" a1:il_aa2:_a’(:i1_aw:wa
25¢ 25¢ 25¢ S¢

and

u, = a, +a,(secE ttan &) +a, (sec & + tan £)°,
u, =a, +a,(cscé tcotd)+a,(cscé +cotd)’.

Case 3: When A=1, B=-1, then

3% + 250 _6/ 3y’ y
=4 =F—,a,=-
25¢

—,k=t— 0=0,
25¢ 25¢ 10¢

a

and

us, = a, +a, tanh & + a, tanh” &,

u, =a, +a, cothé +a, coth” &,

Case 4: When A =B =1, then

3v? +250¢ 6 3y? Y
4=, =i a, = — K =i—,0 =0,
25¢ 25¢ 25¢ 10&

and
u, =a,+a, tané +a, tan’ &,
Case 5: When A =B =-1, then
32 + 2506 6v? 3y’ ,
4y =———,a, = —i—,0, = —,K=i—,0 =0,
25¢ 25¢ 25¢ 10¢

and
u, =a, +a,cotE +a, cot’ &,

where € =k (x — of), and o is an arbitrary con-
stant.
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Conclusion

In this article, the generalized tanh func-
tion method has been successfully implemented
to find new traveling wave solutions for two
nonlinear PDE’s namely, the KdV and KdV-
Burgers equations. The results show that the
generalized tanh function method is a powerful
Mathematical tool for obtaining exact solutions
for the KdV and KdV-Burgers equations. It is
also a promising method to solve other nonlin-
ear partial differential equations.
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