
Introduction and preliminaries

      We recall the following definitions in a 
metric space ( , ).X d A mapping :T X X→ is 
called an lim

x
a

→∞
− contraction if 

( , ) ( , )d Tx Ty ad x y≤ for all
, ,x y X∈  where (0,1).a∈    	 (1.1)

	 The mapping T is called Kannan mapping 
[1] if there exists 1

2(0, )b∈ such that 

 ( , ) [ ( , )d Tx Ty b d x Tx≤
 ( , )]d y Ty+ for all ,x y X∈  	 (1.2)      

A similar definition is due to Chatterjee [2], 
there exists 1

2(0, )c ∈  such that 

( , ) [ ( , )d Tx Ty c d x Ty≤   
( , )]d y Tx+ for all ,x y X∈    	 (1.3)          

	 Combining these three definitions, Zamfrescu 
[3] proved the following important result.

Theorem 1 

	 Let ( , )X d be a complete metric space and 
:T X X→ a mapping for which there exists the real 

numbers a, b and c satisfying  1
2(0,1), , (0, )a b c∈ ∈
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such that for each pair , ,x y X∈ at least one of 
the following conditions holds:

 1( ) ( , ) ( , ),z d Tx Ty ad x y≤
2( ) ( , ) [ ( , ) ( , )],z d Tx Ty b d x Tx d y Ty≤ +
3( ) ( , ) [ ( , ) ( , )].z d Tx Ty c d x Ty d y Tx≤ +

Then T has a unique fixed point p and the Picard 
iteration{ }nx defined by

	 1 ,n nx T x n+ = ∈�

converges to p for any arbitrary but fixed 0 .x X∈

     An operator T satisfying the contractive 
conditions 1 2( ), ( )z z  and 3( )z  in Theorem 1 is 
called Zamfirescu operator (Z-operator).

      Let K be a nonempty convex subset of 
normed space E and T: K K→ be a mapping. 
In recent years, Mann [4] and Ishikawa [5] 
iterative process have been studied extensively 
by many authors. 

(a)	 The Mann iteration process is defined by 
the sequence { }nx

(M) 0

1

,
(1 ) , 0,n n n n n

x K
x b x b T x n+

∈
 = − + ≥
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where { }nb is sequence in [0,1].

(b)	 The sequence { }nx defined by
 

(I) 
0

1

,
(1 )

(1 ) , 0,
n n n n n

n n n n n

x K
x b x b T y
y b x b Tx n

+

∈
 = − +
 ′ ′= − + ≥

where { },{ }n nb b ′ are sequence in [0,1] is known 
as the Ishikawa iteration process. 

    In 1995, Liu [6] introduced iterative processes 
with errors as follows:

(c)	 The sequence { }nx  iteratively defined by 

 (LM) ,0
(1 ) , 01

x K
x b x b T x u nn n n n n n

 ∈


= − + + ≥ +

where { }nb is a sequence in [0,1] and { }nu a 
sequence in K satisfying ,nu <∞∑ is known 
as Mann iterative process with errors. 

 (d)   The sequence { }nx in K iteratively defined 
by:

,0
( ) (1 ) ,1

(1 ) , 0,

x K
LI x b x b T y un n n n n n

y b x b Tx v nn n n n n n

 ∈


= − + + +
 ′ ′= − + + ≥

where{ },{ }n nb b ′ are sequences in [0,1] and 
{ },{ }n nu v are sequences in K satisfying 

,nu <∞∑ ,nv <∞∑ is known as Ishikawa 
iterative process with errors. 

	 While it is clear that consideration of error 
terms in iterative process is an important part 
of the theory, it is also that the iterative process 
with errors introduced by Liu [6], as in (c) and 
(d) above, is not satisfactory. The errors can 
occur in a random way. The conditions imposed 
on the error terms in (c) and (d) which say 
that they tend to zero as n tends to infinity are, 
therefore, unreasonable. 

	 In 1998, Xu [7] introduced a more 
satisfactory error term in the following iterative 
process:

The sequence(e)	 { }nx iteratively defined by:

(XM) 0

1

,
, 0,n n n n n n n

x K
x a x b T x c u n+

∈
 = + + ≥

with { }nu a bounded sequence in K and 
1,n n na b c+ + = is known as Mann iterative 

process with errors.

The sequence (f)	 { }nx iteratively defined by:

(XI)
0

1

,
,

, 0,
n n n n n n n

n n n n n n n

x K
x a x b T y c u
y a x b Tx c v n

+

∈
 = + +
 ′ ′ ′= + + ≥

with{ },{ }n nu v bounded sequences in K and 1 ,n n n n n na b c a b c′ ′ ′+ + = = + + 
1 ,n n n n n na b c a b c′ ′ ′+ + = = + + is known as Ishikawa iterative 

with errors.

	 Note that the error terms are now improved; 
Mann and Ishikawa iterative follow as special 
cases of the above processes, respectively. 

(g)	 The sequence { }nx defined by

(N)

0

1

,
(1 ) ,

(1 ) ,
(1 ) , ,

n n n n n

n n n n n

n n n n n

x K
x b T y b x

y b Tz b x
z b Tx b x n

+

∈
 = + −
 ′ ′= + −
 ′′ ′′= + − ∈ �

where{ },{ },{ }n n nb b b′ ′′ are appropriate sequence 
in [0,1] is known as Noor iteration process [8].

   Recently, Agarwal et al. [9] studied the 
following iteration process for a couple of 
quasi-contractive mappings. 

(h)	 The sequence{ }nx iteratively defined by

0

1

,
( ) ,

, 0,
n n n n n n n

n n n n n n n

x K
RCHI x a x b S y c u

y a x b Tx c v n
+

∈
 = + +
 ′ ′ ′= + + ≥

where { },{ },{ },{ },{ },{ }n n n n n na b c a b c′ ′ ′  are sequence
in [0,1] such that 1n n n n n na b c a b c′ ′ ′+ + = = + +
and { },{ }n nu v are bounded sequences in K.

	 It can be easily seen that for (i)	 0 ,n nc c ′= =  
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(RCHI) reduces to 

(DDI)
0

1

,
(1 ) ,

(1 ) , 0,
n n n n n

n n n n n

x K
x b x b S y
y b x b Tx n

+

∈
 = − +
 ′ ′= − + ≥

where{ },{ }n nb b ′ are sequence in [0,1] and known 
as Das and Debata iteration process [10].

      In 2004, Berinde [11] introduced a new 
class of operators on an arbitrary Banach space 
E satisfying

2 , (1.4)

Tx Ty x y

x Tx

δ

δ

− ≤ −

+ −
                      	 1.4

for all ,x y E∈ and 0 1.δ≤ <
  
He proved that this class is wider than the class 
of Z-operators and used the Ishikawa iteration 
process (I) to approximate fixed points of this 
class of operators in an arbitrary Banach space 
given in the form of the following theorem:

Theorem 2 

	 Let K be a nonempty closed convex subset 
of an arbitrary Banach space E. Let :T K K→
be an operator satisfying (1.4). For 0 ,x K∈ let
{ }nx be defined through the iterative process 
(I). If ( )F T ϕ≠ and ,nb =∞∑  then { }nx
converges strongly to the unique fixed point of T.

	 Inspired and motivated by the above said 
facts, we suggest the following three-step 
iterative process with errors as follows

0

1 1

2

3

,

,
( )

,

, 0,

n
n n n n n n n

n
n n n n n n n

n
n n n n n n n

x K
x a x b T y c u

RAHN
y a x b T z c v
z a x b T x c w n

+

∈


= + +
 ′ ′ ′= + +
 ′′ ′′ ′′= + + ≥

where{ },{ },{ },{ },{ },{ },{ },{ }n n n n n n n na a a b b b c c′ ′′ ′ ′′ ′ and 
{ }nc ′′ are appropriate real sequences in [0,1] and 
{ },{ },{ }n n nu v w are bounded sequences in K, 
to approximate the common fixed point of the 
three Z-operators. Our results generalize and 

improve upon, among others [9,2,1,12,13,14-
17], the corresponding results of  Berinde [11]. 

(j)	 For 1 2 3,T T T= = (RAHN) reduces to

 
0

1

,
,

( )
,
, 0,

n n n n n n n

n n n n n n n

n n n n n n n

x K
x a x b T y c u

ARXN
y a x b Tz c v
z a x b Tx c w n

+

∈
 = + +
 ′ ′ ′= + +
 ′′ ′′ ′′= + + ≥

where{ },{ },{ },{ },{ },{ },{ },{ }n n n n n n n na a a b b b c c′ ′′ ′ ′′ ′ and
{ }nc ′′ are appropriate real sequences in [0,1] and 
{ },{ },{ }n n nu v w are bounded sequence in K.

 (k) For 0 ,n nc c ′= = (RAHN) reduces to

 0

1 1

2

3

,

(1 ) ,
( )

(1 ) ,

(1 ) , 0,

n
n n n n n

n
n n n n n

n
n n n n n

x K
x b x b T y

ARN
y b x b T z
z b x b T x n

+

∈


= − +
 ′ ′= − +
 ′′ ′′= − + ≥

where{ },{ },{ }n n nb b b′ ′′ are sequences in [0,1].

Results
Lemma 1 [18] 

        Let { },{ },{ }n n nr s t and{ }nk be sequences 
of nonnegative numbers satisfying 

1 (1 ) for all 0.n n n n n nr s r s t k n+ ≤ − + + ≥ I f
, lim 0n n ns t→∞=∞ =∑ and nk <∞∑ hold, then 

lim 0.n nr→∞ =

Theorem 3

	 Let K be a nonempty closed convex subset  
of an arbitrary Banach space E and : ; 1, 2,3,iT K K i→ =  

: ; 1, 2,3,iT K K i→ =  be three Z-operators. For 0 ,x K∈  
let { }nx be defined by the iterative process 
(RAHN). If ( ) ( ) ( ) , ,1 2 3F T F T F T b cn nϕ≠ =∞ <∞∑ ∑ ( ) ( ) ( ) , ,1 2 3F T F T F T b cn nϕ≠ =∞ <∞∑ ∑ 

and lim 0 lim ,n n n nc c→∞ →∞′ ′′= = then { }nx converges 
strongly to a unique common fixed point of

1 2 3( ) ( ) ( ).F T F T F T 

Proof

        Since each ; 1, 2,3iT i = is an Z-operator, so 
according to (1.4),
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(B)  2 ,i i iT x T y x y x T xδ δ− ≤ − + −  

For all ,x y E∈  and 0 1.δ≤ <  First we prove the 
uniqueness, for this purpose let 1 1 2 3, ( ) ( ) ( ),w w F T F T F T∈  

1 1 2 3, ( ) ( ) ( ),w w F T F T F T∈    then from (B) we have  

1 1i iw w T w T w− = −

             1 2 iw w w T wδ δ≤ − + −
             

1 ,w wδ= −

giving us 1(1 ) 0,w wδ− − ≤  which  implies 
with the help of 10 1,w wδ≤ < =  a contradiction. 
As 1 2 3( ) ( ) ( ) ,F T F T F T ϕ≠  so let 1 2 3( ) ( ) ( ).w F T F T F T∈   

1 2 3( ) ( ) ( ).w F T F T F T∈  

Set 
supmax{ sup , sup , }

00 0
M u w v w w wn n n

nn n
= − − −

≥≥ ≥

Using (RAHN), we have

1

1 ( )
n

n n n n n n n n n

x w

a x b T y c u a b c w
+ − =

+ + − + +

1( ) ( ) ( )n n n n n na x w b T y w c u w= − + − + −

(2.1)1a x w b T y w c u wn n nn n n≤ − + − + −

1(1 ) .n n n n nb x w b T y w M c≤ − − + − +
Now for x w= and ,ny y=  (B) gives 

1 n nT y w y wδ− ≤ −               	 (2.2)

       In a similar fashion, we can get 

2 ( )n n n n n n n n n ny w a x b T z c v a b c w′ ′ ′ ′ ′ ′− = + + − + +

2( ) ( ) ( )n n n n n na x w b T z w c v w′ ′ ′= − + − + −

2a x w b T z w c v wn n nn n n′ ′ ′≤ − + − + −  

	 (1 ) . (2.3)2b x w b T z w M cn nn n n′ ′ ′≤ − − + − +     	 3.3

Using (B), for x w= and ,ny z= we get

2 .n nT z w z wδ− ≤ −                	 (2.4)

Also, 
3 ( )n n n n n n n n n nz w a x b T x c v a b c w′′ ′′ ′′ ′′ ′′ ′′− = + + − + +

3( ) ( ) ( )n n n n n na x w b T x w c v w′′ ′′ ′′= − + − + −

(2.5)3a x w b T x w c v wn n nn n n′′ ′′ ′′≤ − + − + −
		             

3(1 ) .n n n n nb x w b T x w M c′′ ′′ ′′≤ − − + − +

 Again by (B), if x = w, and ,ny x= we get

.n nTx w x wδ− ≤ −             (2.6)      

From (2.1-2.6), we obtain 

1 (1 )

[(1 )
]

n n n

n n n n n

n n

x w b x w

b b x w b z w
Mc Mc

δ δ
+ − ≤ − − +

′ ′− − + −

′+ +

2

[1 [1 (1 )]]n n n

n n n n n n

b b x w

b b z w Mb c Mc

δ

δ δ

′= − − − −

′ ′+ − + +

2

[1 [1 (1 )]]

[[1 (1 )
]

n n n

n n n n

n n n n

b b x w

b b b x w
Mc Mb c Mc

δ

δ δ
δ

′≤ − − − −

′ ′′+ − − −

′′ ′+ + +

[1 (1 ) [1 (1 )]]

2 . (2.7)

b b b x wnn n n

Mb b c Mb c Mcn n n n n n

δ δ δ

δ δ

′ ′′= − − + + −

′ ′′ ′+ + +

It may be noted that for [0,1)δ∈ and{ } [0,1],nη ∈

the following inequality is always true

1 1 1 .nδη δ≤ + ≤ +            	 (2.8)           	

From (2.7) and (2.8), we get 

 1 [1 (1 ) ]
( ) .

n n n

n n n n n

x w b x w
M b b c c M c

δ
δ δ

+ − ≤ − − − +

′ ′′ ′+ +

By Lemma 1, with ,nb =∞∑  nc <∞∑  
and lim 0n nc→∞ ′ =  lim ,n nc→∞ ′′=  we get that 
lim 0.n nx w→∞ − =  Consequently 1 2 3( ) ( ) ( )nx w F T F T F T→ ∈  

1 2 3( ) ( ) ( )nx w F T F T F T→ ∈   and this completes the 
proof. 

Corollary 1 

       Let K be a nonempty closed convex 
subset of an arbitrary Banach space E and 

: ; 1, 2,iT K K i→ = be two Z-operators. For 
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0 ,x K∈ let { }nx be defined by the iterative 
process (RCHI). If 1 2( ) ( ) , ,nF T F T bϕ≠ =∞∑  

nc <∞∑   and lim 0,n nc→∞ ′ =  then { }nx converges 
strongly to a unique common fixed point of 

1 2( ) ( ).F T F T

Corollary 2

	 Let K be a nonempty closed convex 
subset of an arbitrary Banach space E and 

: ; 1, 2,3,iT K K i→ = be three Z-operators. 
For 0 ,x K∈ let { }nx be defined by the iterative 
process (ARN). If 

1 2 3( ) ( ) ( )F T F T F T ϕ≠  and ,nb =∞∑  then 
{ }nx converges strongly to a unique common 
fixed point of 1 2 3( ) ( ) ( ).F T F T F T 

Corollary 3 

	 Let K be a nonempty closed convex subset 
of an arbitrary Banach space E and : ;iT K K→  

1, 2,i =  be two Z-operators. For 0 ,x K∈ let 
{ }nx be defined by the iterative process (DDI). 
If 1 2( ) ( )F T F T ϕ≠  and ,nb =∞∑ then { }nx
converges strongly to a unique common fixed 
point of 1 2( ) ( ).F T F T

Corollary 4 

	 Let K be a nonempty closed convex subset 
of an arbitrary Banach space E and :T K K→
be an Z-operator. For 0 ,x K∈ let { }nx be 
defined by the iterative process (ARXN). If

( ) , ,n nF T b cϕ≠ =∞ <∞∑ ∑  and lim 0 lim ,n n n nc c→∞ →∞′ ′′= =  
then { }nx converges strongly to a unique fixed 
point of F(T).

Corollary 5

	 Let K be nonempty closed convex subset of 
an arbitrary Banach space E and :T K K→ be 
an Z-operator. For 0 ,x K∈ let { }nx be defined 
by the iterative process (XI). If

( ) , ,n nF T b cϕ≠ =∞ <∞∑ ∑  and lim 0,n nc→∞ ′ = then 
{ }nx  converges strongly to a unique fixed 
point of F(T).

Corollary 6

	 Let K be a nonempty closed convex subset 
of an arbitrary Banach space E and :T K K→
be an Z-operator. For 0 ,x K∈ let { }nx be 
defined by the iterative process (XM). If

( ) , nF T bϕ≠ =∞∑ and ,nc <∞∑  then { }nx
converges  strongly to a unique fixed point of 
F(T).

Corollary 7

	 Let K be a nonempty closed convex subset 
of an arbitrary Banach space E and :T K K→
be an Z-operator. For 0 ,x K∈ let { }nx be 
defined by the iterative process (N). If ( )F T ϕ≠
and nb =∞∑ , then { }nx  converges strongly to 
a unique fixed point of F(T).

Corollary 8 

	 Let K be a nonempty closed convex subset 
of an arbitrary Banach space E and :T K K→
be a Z-operator. For 0 ,x K∈ let { }nx be 
defined by the iterative process (I). If ( )F T ϕ≠
and nb =∞∑ , then { }nx converges strongly to 
a unique fixed point of F(T).

Corollary 9 

	 Let K be a nonempty closed convex 
subset of an arbitrary Banach space E and 

:T K K→ be an Z-operator. For 0 ,x K∈ let 
{ }nx be defined by the iterative process (M). If 

( )F T ϕ≠ and nb =∞∑ ,then { }nx converges 
strongly to a unique fixed point of F(T).

Remarks

1. 	 The contractive condition (1.1) makes T a 
continuous function on X while this is not 
the case with the contractive conditions 
like (1.2-1.3) and (1.4).
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2. 	 The Chatterjee’s and the Kannan’s 
contractive conditions (1.3) and (1.2) are 
both included in the class of Z-operators 
and so their convergence theorems for the 
Ishikawa iteration process are obtained in 
Corollary 8.

3. 	 Theorem 4 of Rhoades [17] in the context 
of Mann iteration on a uniformly convex 
Banach space has been extended in 
Corollary 9. 

4. 	 In Corollary 9, Theorem 8 of Rhoades 
[19] is generalized to the setting of Banach 
spaces. 

5.	 Our results also generalize Theorem 5 of 
Osilike [20] and Theorem 2 of Osilike 
[18]. 
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