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Abstract: Theaim of this paper isto build up the U(1)- gauge theory for fermionsin the curve space-
time such as Kerr-Newman-K asuya space-time. The Kerr-Newman-K asuya space-timeisnot a black
hole space-time but it has the common feature with the black hole space-time that it has horizon.
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I ntroduction

Carmeli and Carmeli derived the Klein-
Gordan, Weyl, and Dirac-type equations on

Rx s3topology by simply going from the
momen-tum to the angular momentum
representation [1,2,3]. Sen [4] obtained the most
genera Lagrangians for the Dirac, Weyl, and

Majorana fermions. Sen’s work offers an
excellent description of fermions in the space-

timegx g3. Dariescuet al. [4] developed aU(1)-

gauge theory for massive fermionic fields
minimally coupled to a curved space-time such
asKerr-Newman black hole space-time. Dariescu
and Dariescu [5] also developed the tetradic
Lorentz-gauge invariant formulation of the
SU(2)xU(1) theory in gx g3space-time. To
develop a U(1)-gauge theory for massive
fermionic fields on curved space-time such as
Kerr-Newman black hole space-time, they used
the Dirac-type equation and the U(1)-gauge
invariant Lagrangian. In this paper, the U(1)-
gauge theory for massive fermionic fields
minimally coupled to a Kerr-Newman-Kasuya
space-timeisstudied. The Kerr-Newman-K asuya
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space time is the Kerr-Newman space-time
involved with extra magnetic monopole charge.
This monopole hypothesis was propounded by
Dirac relativity long ago.

TheKerr-Newman-K asuya space-time

The Kerr-Newman-Kasuya space-time is
described by the metric

2
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where m, h, e and | are the mass, angular
momentum per unit mass, electric charge and
magnetic monopole charge parameters
respectively. This is a solution to the Einstein-
Maxwell equations with electromagnetic vector
potential

e (dt-hsin?¢ d¢)
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A r? +h®Cos?®0 @

The space-time given by (1) encompassesall the
black hole space-times, which are asymptotically
flat. Specially, the metric (1) includes:
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(i) Kerr-Newmann black hole space-timewhen
[=0.

(i1) Kerr black hole space-timefor | =e=0.

(iii) Reissner-Nordstrom black hole space-time
if I=h=0.

(iv) Schwarzchild black hole space-time when
|=e=h=0.

This metric can be transformed to Boyer
coordinates under the proper coordinate
transformation such as

0 ) 0
x‘t=gp=hcosf ;o =-+;q=r;7=t-h 3
{ } P o d ¢E ©)
with the suitable adjustment of the parameter

X(p)=h*-p2;Y(@)=q*-2mq+e? +h? +12  (4)

Therefore, the metric (1) can be written as
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Thismetric representsthe Kerr-Newman-K asuya
space-timein Boyer coordinates, which hasbeen
studied in detail by Plebanski [7]. After asuitable

choice of the null complex tetrads { ¢»*} which
consists of two complex conjugate null vectors
m,m and two real null vectors

K, K, s {w®} ={mm,k;, Kk} :
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the metric (1) becomes in the smple form

ds’ = 2(W'w’ - w'w*) = g,w'w’ )
with
B.) 1 0 O
0 0 0 op
= (8)
(gab) O O _1D
0 -1 0 E

Field equations

For the massive fermionic complex fields
Y theU(1)-gaugeinvariant Lagrangianisgiven
by

1 v
L:WV“DNQU’LM’W_‘.U‘*ZFWF“ (9)

where y*is the generalized Dirac gamma
metrics, the U(1)-gauge field-strength tensor is
defined as

F* =g, A -9, A -(9"0,9" - 9"9,9" Ja,, A° (10)

and the gauge-covarint derivative is defined as
D,y =0y+igAY, and its h.c. (12)

here U Y betheL evi-Civitacovarint derivative

and g isthe gauge coupling constant. Under these
assumptions, the Dirac-type equation isobtained
in the covarint expression

: 1 "
y“(%ﬂ%)ﬂ-z VYV +My =0 (12

The Dirac-type equation governs the particle in
curved space-time, and the Maxwell equations
with sources can be expressed in the standard
form

. 1 "
v“(a,, +I9&)ﬂ-zraguy“v yPg+My =0 (13)

which will be generalized for the case of a null
tetradic base {e},a=1,4. To build up a U(1)-
gauge theory of a massive fermionic complex
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field in the curved space-time described by the
metric (7) we use the U(1)-gauge invariant
Lagrangian. The general expression for the
covarint derivative (11) becomes,

Dy =04 +igAY , anditsh.c. (14)
and the Lagrangian (9) as
L=WVaDaW+MW+%FabFab (15)

Theelectromagnetic tensor f a can be expressed
in the base of coordinate (p,q,0,7)

F® = wiw)F" (16)

Therefore, the essential components g are
given below
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These components of F* allow us to put the
Maxwell equations (13) in the expression

eF*=7J" (18)

Finally the Dirac-type equation is derived
for the spinorial massive complex field Y coupled
to the Kerr-Newman-K asuya space-time. Using
the U(1)-gauge invariant Lagarangian (15) the
Dirac-type equation is obtained in the general
form

. 1
20, +igA W TV VYU MY =0 (19)

Hence, by working out the above Dirac-type
equation for the metric (5) can be expressed in
the form

y?(0. +igA W + My L.
(p?+q?f
o + 72X B2 (p? + )Y H-2qv
e, b,

8o Vyy2 (2 + v )- X b - v ]

Using (3) and (4) into the equation (20) we obtain
the Dirac-type equation for the metric (1) in the
following form

y*(0. +|9'°«E,1)l’+MI,U+D{(r +h*heosef y* +v) %,

hsme\/z{r +hzcosze}3
E{hzcosze(r m)+r(rm e - -y')2
HZ\/Z{r +h?cos’ {12 —2mr + ¢ +h2+lz) ﬁl =
%zl{hcose(\/r -2nr +é? +h2+I2)(y +y )V1 ZD
H \/Z{r +h?cos? 6}

Elzlrhsme(y -v*Vy +0
B\/Z{r +h2c0529} ﬁl

The result obtained in this paper
corresponds to the result obtained in the case of
the Kerr Newman black hole space-time when |
=0. Under this observation, weliketo claim that
this study encompasses the known result of
Dariescu et al. [4] inthe context of Kerr-Newman
black hole. So, it isinteresting to note that the
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U(1)-gauge theory for fermions not only exists
in the Kerr-Newman black hole space-time, but
also in the Kerr-Newman Kasuya space-time.
The Kerr-Newman-Kasuya space-timeis not a
black hole space-time but it has the common
feature with the black hole space-timethat it has
horizon.
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