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SOME APPLICATIONS OF A LOVELOCK'S THEOREM
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Abstract: Here we employ a Lovelocks result for a) to obtain the general structure of the second
fundamental form of intrinsically rigid spacetimes of classone, b) to show aknown identity between the
Riemann tensor and its double dual, and c) to construct a Lanczos potential for the Godel metric.
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I ntroduction

We shall usethenotation and quantitiesof [1].
Lovelock [2,3] proved the following interesting
theoremvaidonly infour dimensions::

“If thetensor A’ dependsexclusively onthe
metrictensor g, and onitsfirst and second partial
derivaetives

Ai = Aj (9ans Gane Yapca ) (1)
andif it aso satisfiesthe continuity equation

then necessarily
A'=ad'+BG’', a,B =congants, (3)

R
where G, = R, e 0, istheEingteintensor”.

Noticethat denotescovariant derivativeand
besides[1] &'.; =G.’;; =0.In (1) thesymmetry

A, = A, neither required nor neededthat A’ be

linear in Q4 - We do not know specific
applicationsof thisLovel ock’stheoremto genera
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relativity, except asstated by Harvey [4].

Herewe shall employ (1), (2), and (3) to (a)
deducethestructureof the second fundamental form
of spacetimes embedded into E, for the case of
intringcrigidity [1], (b) giveaplainbutillustrative
demondtration of aL.anczosidentity [5] betweenthe
curvature tensor and its double dual [1], and (c)
obtain aLanczosgenerator [6] in GAdel geometry

[1.7].

(@ Spacetime of class one with intrinsic
rigidity.

AR, canbeembeddedinto E, if and only if
thereexiststhe second fundamental form b, = b,
fulfilling the Gauss-Codazzi equations[1]

Racij =&(b, bcj - baj B ), (4)

bji;c = bjc;i ’ (5)
where ¢ = +1 and R isthe Riemann tensor, thus
we say that such 4-space has classone. From the
Gaussrelation (4), itispossibleto deducethe
identity [8]

K 1 ac
ij = Té gij - 5 I:ﬁach ! (6)
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with the presence of the Lanczosinvariant [5]
KZZ*R*ijaC Rjac’ (7)

i*n terms oithe doubledud [1,6] of curvaturetensor
R ==n""R,"Nua, being Nia the Levi-
Civitatensor; besides[8]

& R ij~mn
p2:_6E!T4K2+erjG]G EEO’ (8)

If p# 0, then(6) permitsto construct explicitly a
b; verifying (4), andthenfrom (6) and (8) itisclear
that theintringcrigidity [9]

b : =b j(gab;gab,c;gab,cd)’ ©)
If into Codazzi equation (5) wesum cwith |
(' -b5'); =0, b=b's, (10)

then (9) and (10) imply that the tensor
A' =b' -bs’ satisfiestheconditions(1) and (2)
of the Lovelock’ stheorem. Thusit must havethe
structure (3) and therefore

b, =(a +b)g; + BG;, (11)

where a, 8 areconstants. But thesc:fHar curvature
R=-G',then(11) givesusthat b =~ (BR-4q),
thusfinally (11) takesthe generd expressionfor the
second fundamenta formof agpacetimewithintringc

rigicity
1
b, =BR; - 6 (20 + BR)g;, (12)
suchthat R; = R%ja istheRicci tensor.

Without theLovelock’sresult, itisvery difficult
to suspect the existence of (12). In other paper we
will study theimportant consequencesthat (12) has
inthelocal andisometric embedding of R into E,,
whenispresent theintringcrigidity.
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(b) A Lanczosidentity

We shall employ the Lovelock’stheorem to
show thefollowing Lanczosrelation [5]

I K, <
R jbpa Rbpq — 725]] , (13)

which usually is proved via the generalized
Kronecker’sdelta[3]. However, webelievethat its
deduction with the aid of (1), (2) and (3) will be
atractiveingenera reldivity.

Bianchi’sidentitiesfor the curvaturetensor in
every spacetimeare[1]

R + qubi:a + quia:b =0 (14)

paabi
or intermsof thedoubledud [6]

"R, =0; (15
Besides, itsknownthat 17 ., = 0, thenfrom (7)

* * (14) * *
Ky =2 RPR i = =2 RP®(R g0 + Rogan):

paab;i
=2R pqab(Rbpq;a ~ Rapan):
- s
=4R pqal;‘Rbpq;a = (4 R P Rbpq);a’
Thus we see that (1) and (2) are verified with

. K, i
A'=RIMR —7253, then (3) implies

* * ib) _ K i i
I:QJqubpq _Ef-l_aéb%] +BGiJ’ (16)
whose contractionof | and | givesus

BR-4a =0. (17)

_4a _
if B#0 then R= g~ constant, whichcouldbe
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vaidfor someparticular pacetimes, smilaly R=0
corresponds to an specific case. But we wish a
universal identity for any R, without restrictionson
its geometry, and by (17) this is possible only
ifa = B =0, thus(16) impliesthe Lanczosidentity
(13) g.ed.

() Lanczospotential for theGodel solution

The analysis of the invariant (7) led [6] to
discover, for arbitrary spacetime, thepotential K.,
withtheproperties:

Kabc = _Kbac ’ Kabc + Kbcal + Kcab = O’ (18)
Karr = O, (19)
Kabc;c =V, (20)

which generates the Wey!l tensor through the
expression[10]
Carr = Kary = Kary +Kas =K+ 0a Ky = 0K, + 0Ky =0, K, (21)

ri jra

where K;; =K;"j; =K

ji*

Given the conformal tensor, it may bevery
difficult to obtain aL anczospotentia by integrating
directly (21), but here we shall show that the

Loveock’sresult permitsto determine onesolution
of (21) for the Godel metric[1,7](signature+2)

ds? = —(dx})? — 2¢*"dx’ dx? —%e” (dxz)2 + (dxa)2 + (dx“)z, (22)
withtheinteresting structure
K —_

abc — “cab _ch;al Qab = Qba! (23)

whichverifies (18); thusthe symmetric tensor Q;
isagenerator of the Lanczospotential.

The Lanczos algebraic gauge (19) may be
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satisfiedif in (23) weask the conditions
Q' =constant, (24)

ij;i = (25)

Besides, if weaccept that Q; dependslocally
ontheintrinsicgeometry of R,

Qr =Q, (9 Yaver Yaprea ) (26)

then (25) and (26) imply, viathe Lovel ock’ stheorem,
thet

Qup =00y, + Gy, (27)

thus Q' = 4a — BR isinaccord with (24) because
R =1 for the Godel solution (22). If now we put
(27) into (23), it resultsin

Kabc = a(Rca;b - Rcb;a)i (28)

which also verifiesthe Lanczosdifferential gauge
(20). Findly withthe help of (21), (22) and (28),

1
weconcludethata = _5 thatis,

Kijr :;(Rrj;i - Rri;j)- (29)

Thismeansthat, inthe Godel cosmological model,
theRicci tensor generates one Lanczos potential.
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