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Abstract: P[[A,B ]and Q: [A,B ]denote classes of functions analytic in the disc

E ={z :|z |<1} defined by a bounded radius rotation functions. In this paper we have obtained

the distortion theorems, coefficients estimate, some radius problems, geometrical properties and
studied convolution conditions.
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Introduction

Let A denote the class of analytic functions f(z) in £ ={z :|z |<1}, given by
f(D=z+)a,z", (1)
n=2

and let S, S* and C be classes of functions in A, which are respectively univalent, starlike and
convex in the unit disc E.

Janowski [4] introduced the class P[4,B] as follows:
Definition 1

An analytic function in E given by the form P(z)=1+C,Z,+C,Z*+ ... belongs to P[4, B] if it
satisfies the condition

_1+4w (2)

T e

1<B<A4X<1,

where, w(0)=0 and |w(z)|<1.P[1,-1]=P (the class of analytic function with positive real part
satisfying Rep(z)>0).
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Definition 2

An analytic function in E given by (1) belongs to S*[A,B],-1<B<A<I, if and only if,
o (2)
/()

belongs to C[A,B], if and only if,

€ P[A,B] and S*[1,-1]= S*. Also it is well known that an analytic function given by (1)

'E) _ piy B and 111
) P[4,B] and C[1,-1]=C.

Definition 3

A function feA is close to convex denoted by K[A,B,C,D] if 3 a starlike function
g(z)eS*[C,D] such that Zf—(Z) € P[A,B] and K[1,-1,1.-1]=K (the well known close to convex

glz)

class due to Kaplan).
Definition 4

Let P (a),k =22 and 0<o<l, be the class of functions p analytic in E and have the

representation

15 1+(1-20)ze ™
p(Z)=5£—-du(t) :

l—-ze™
where L(¢) is a function with bounded variation on [—mt,7 | and satisfies the conditions

[du®)=2 , [ldu@)|<k.Wenotethat k >2 and P,(a)=P[1-2a,~1]=P(a) are the class

of analytic function with positive real part greater thano . It can easily be seen [5] thatp € P, (o),
if and only if, there exist two analytic functions p,,p, € P(a) such that

P)=22 5,652 )

Let R, (o) denote a subclass of A of functions of bounded radius rotation of ordera .
Then fe R, (o), if and only if,

Z»j’: éz))ez;(a) , k>2 | zeE )

I tis clear that R, (o) =S*(a).

Let f be given by (1) and g given by g(z) =z+ Z a,z" € A . Then the convolution f*g is

n=2



defined by (fg)(z)=z+ ) a,b,z".

n=2
Definition 5

Let feA. Then fbelongs to P”[4, B] if it satisfies the condition

f(Z):1+AW(Z)
g(z) 14Bw(z)’

whereg € R, (a),-1<B <4 <1,w (z)is regular, w(0)=0 and w(z)<1 and 0<a <1.
Definition 6

Let Q7[4,B] denote the class of functions F(z)=z ' +c,+c,z +c,z > +..., which are
regular in 0 <|z |<1 and satisfy the condition

Fiz) [1+4w(@) ]

G(z) |1+Bw(z) |’
where —1<B <A <1,w(z) is regular in 0<|z |<1 and G(z)=z '+d +dz +d,z" +... , is of
bounded radius rotation of order o , i.e.

_zG'(2)
G(z)

eP (o) , 0<lz k1.

Distortion theorem for the class P,”[4,B]

Theorem 1

If f eP’[A,B],thenfor |z |=r,0<r <1
(k-2)(1-0.)/2

1-Ar (1-7r) <
I—Bl" (1+r)(k+2)(l—ot)/2

1+ A7 (147)F 2000
1+Bl’ (l_r)(k+2)(l—a)/2

f @)l

3)

This result is sharp.

Proof
Sincef € P’[4,B], we have



[@) _1+4w(z) _1<B <A<l
g(z) 1+Bw(z)

where ge. R, (o) . By Schwarz's lemma, we have|w (z ) [<|z |.

If pz)=FtAWE) i cp o 4<1 . thenitis well known [4] that p € P[A.B] and
1+Bw(z)
satisfies
1-Ar 1+Ar
< < 4
&, |p(z)] T B, (4)
Further if g(z)is a function of bounded radius rotation of ordera , then by [7]
1= ) k-21-a)/2 14 )k 2102
4= g ) ©)

(1 + },)(k +2)(1-a)/2 (1 _ r)(k +2)(1-a)/2
equations (4),(5) together imply the inequality (3).

This result is sharp, if we take

1+A4z (1+9 z )(kfz)(lfm)/2
| : > ]91 ‘:‘92‘:1-

z)= and ¢(z)=
p( ) 1 Bz g( ) (1+922)(k+2)(1—a)/2

Remarks

1. Ontakingk =2, we have a result of Ganesan [2].
2. Ontaking k =2,B =-AP and 4 = with w (z) replaced by —w (z), we get the result of
Goel and Sohi [3].

Coefficient estimates for the class P’ [4,B]

To find the coefficient estimates for the class P”[4,B ], we need the following lemmas:

Lemma 1 [4]
Let p eP[4,Blandp(z)=1+ c,z" . Then [c,|<4 -B .
n=l1
Lemma 2

IfpeP, (a),p(z)=1+Y c,z" ,then |c, [<k(1-a).

n=l1



Proof

This can be easily seen using Lemma 1 and the relation

P2 ) - )

with A=1-2o and B=-1.
Using Lemma 2, we can prove Lemma 3

Lemma 3

Letg €eR, (a),g(z)=2z +b,z* +bz” +.... Then
b, <k (1-a) and |b, \s@(k _ka+1).

Proof
Letg e R, (o). Thenzg'(z) = P(2)g(z), P(z) e P, () . If g(z) =z +b,z” +...
andp(z)=1+c,z +c,z° +..., then

2 +2b,z° +3bz  +..=(z +bz  +bz  +.)(+cz +c,z 0 +..)

Equating the coefficient of z *and z* on both sides and using Lemmal and Lemma 2, we have

2b, =c, +b,
|0, [l e, [<k(1-a)

and 3b,=b,+ch, +c,

2 _ 2 _ _
b, 1= b2c1+c2|£k (I-a) +k(1-a) k(1 “)(k(l—a)+1).
2 2 2
Theorem 2
Letf e P[A,B], wheref (z)=z +Zanz " . Then
n=2
la,|<(1-0)k +(4 -B)
and
la,[< (4 —B)+k(1-0)(4 —B)+k(12_a)(k—koc+1)



These bounds are sharp.

Proof

Sincef € P[A4,B], there exists a function g € R, (o) such that
f(z)=g()p(iz) , peP[4,B].

Ifg(z)=z+)b,z"

n=2

and pz)=l+cz +c,z” +...,

then
z+a,z’+az’ +..=(z +bz’ +bz  +.)(+cz +c,z 7 +..)

Equating the coefficient of z *and z* on both sides and using Lemma 1 and Lemma 3 we have
a,=b, +c,

la,|F(1-a)k +(4 -B)

and a,=c,+b,c, +b,

la, [< (4 —B)+k(1-a)4 _B)+k(12—oc)

(k —ko+1).

This result is sharp as can be seen by the function

(I_Z)(k—Z)(l—OL)/Z 1+AZ
(1+Z)(k+2)(lfoc)/2 1+ Bz :

@)=

Remarks

i. Ifk =2, this result agrees with the result of Ganesan [2] and when k =2,4 =3 ,B =-A,
these results correspond to the result of Goel and Sohi [3].

. IfB =0, we get ]% =1+Aw(z) and if £ =2 in E, the inequality

g\z

la, [£A(n—-1)+n,n =2 with sharp bounds as discussed in [3] is also obtainable.

Argument of @) when f € P”[4,B]
3

To discuss the argument of the class P*[4,B ], we need the following Lemma:



Lemma 4

Letf €R, (o). Then

il €)
z

<k(-a)sin"r.
Proof

It is well known that if fe R, (ot ), then there exist two functions s,,s, € S* (o) such that

Thus arg fZZ)I = Ik Z 2 arg SZZ(Z) _k ; 2 arg SZZ(Z)I
k+2]  s,(2) k-2  s,(2)
< 1 arg z | + 1 arg z | .

It is known [8] that if s € S*(a), then

argﬂ < 2(1 —oc)sin’1 r.
z

Hence arg& <k(l—a)sin™ r.
z

(1-at)
Sharpness is satisfied for f(z) = (1 - Glz) (kizj )
(1+ 622)(170‘)[7J

Lemma 5 [4]
Let p e P[4,B]. Then

p(z)

arg——=
z

S Sin_l M .
1— ABr?

Using Lemma 4 and Lemma 5, we can prove



Theorem 3
Let f € P*[4A,B]. Then

1( -B)r

<k(l—a)sin”' r +sin
1-ABr®

WG

Proof

Sincef € P*[4,B], therefore

f(z)=g()p(z),p(z)eP[4,B] and g €R, (o) . By Lemma 4, we have

g( ) <k(-a)sin"r (6)
and by Lemma 5, we have
|argp(z )|Ssm : (1 Aﬁ)r (7)
Using (6) and (7), we have the result.
Sharpness follows by taking
f(z):1+Aelz 0 =1 ®)
g(z) 1+B0z ’ ‘
and
1407 )(-0)k-2)/2
g(Z):( : )17a k+2)/2 ’ 0, [=1.
(1+0,z )2
Then
arg? C) _ g1 A=B)r
g(z) 1-ABr’
and

arg g(z) = arg(l +922 )(17(1)(1«72)/2 +arg(l +622 )(l—a)(k+2)/2
z



Using Lemma 4, we have
arg&z) =(-a)ksin'r )
z

Using (8) and (9), we have that

1( _B)’”

=(l—a )k sin”' r +sin
1-ABr®

arg

/@)
z

Remark

For k =2 again this result agrees with the result in [2], and when 4 = >0, B =-AB and
replacing w (z )by —-w (z ), we have the result of Goel and Sohi [3].

Some radius problems for P,”[A4,B]

Lemma 6 [1]

Letp e P[4,B]. Then for z € E
o—[(A-B)P +20A4]r+ad’r’
zp'(z) (1-4r)1-Br)
Re{ocp(z)JrB oz )} L+B 5
B +
A-B (A-B)1-r

if R <R,

LK) -pa-4B)} i Ry <R

where

1/2
R, =(ij R, = 1_2: L =(1-A)1+A4r*) and K, =(1-B)(1+Br?)

This result is sharp.
Lemma 7 [7]

Letg € R, (o). Then

ReZE(2) 1=k -a)r + (1-20)r"
g(z) ~ 1-r?

Further, since, g € R, (o) implies 22'2) = f(z)e P, (o) , we have forall fe P, (a)



1-k(1—o)r+(1-20)r’

Re f(z2)>
(2) —

Theorem 4

Let f €P’[4,B].Then

Rezf "(z) >{Ml(r) for R <R,

f(z) - M,(r) for R,<R, )
where
Ml(r):1—k(1—(x)r+2(1—20c)r2_ (A-B)r ’
1-r (1-Ar)(1-Br)
v (r)zl—k(l—oc)r+(l—20c)r2 L A+B | 2 {(LK )%1 —(1—ABr2)}
? 1—r A-B (1-r*fa-B) "

and R,,R,, L ,andK | are defined in Lemma 6 .
Proof

Sincef" € P[A4,B], there exists a function g € R, (o) such that

S _ p(zye P[4, B]
g(2)

Using logarithmic differentiation, we obtain

#f'(z) _zg'(z) zp'(2)
i@ gk p@)

and

ReMZminRem+minReM.
f(z) g(z) p(z)

Using Lemma 6 with oo =0, 3 =1 and Lemma 7, we have the result.

Sharpness of the bounds follow if we choose g,(z)(i =1,2), of bounded radius rotation of
order a such that

10



' _ _ 2
1+ Az and zgl(z):1+(1 a)z+(1-20)z .

Case I: If R, <R,, wetake P, (z)= , 5
1+ Bz g,(2) 1-r

zP(z) - (A-B)r
P(z) (1-Ar)(1-Br)

zP(z) _ (A-B)z

Then =
P(z) (14 A4z)(1+ Bz)

.Thus at z=-r,Re

fz(z)_1+AW1(Z)

= and
8> (Z) 1+ Bw, (Z)

Case 2: 1f R, <R,, we take p, (Z)=

! _ _ 2 —_
g'(2) = L4 k(1o (2)+ (1= 2w with w,(z)= M , where ¢, defined by the condition
g(z 1-w (z) (1 - clz)
Re LWI(Z) =R, at z=-r.
1+ Bw, (z)
oy P4 (4-B)w(2)

pa(z) 1+ 4w )1+ Bw, ()
2
In fact from the inequalitiesR, <R <c+ p, wherec= 1= ABr” (A — B)r

, p= and we have
1—p2 " PTiCp

1—Ar 1+ AT 1+ Ar
< < ,T:wl(—r).
1-Br 1+BT 1+ Br

Hence |T|<r and T2< r? which yields

2 2
MSW . Thus |C1|S1
(l+rc1)

, =) 2z-c,)
Further |zw1 (z) -w, (z] =————, forw, (z) =,
1-|] (1-cz)

I-R r(r—c)
— :T: 1 = 1 .
=T = (1+c™)

2 2
r =T

z=1r: 1—1"2 :

r’ =T i rz(l—qz)
_ d —
-0 =) (4gr )

and [zwl' (Z) -wW (Z )]

11



Now Re[Zpé(Z)}z (4-B) {T_FZ—TZ}

p,(z) | (1—4T)1- BT) 1_ 2

1

2
Using T = 1R with R, = (1~ A)(l A ) (see [1]),
B (1-B)1+Br?)

and simplifying, we have Re[ Zliz((zz))l__r = j J_r ]l; + (1 - rziA - B) {(LIKl )% - (1 — ABr? )} ,

where L, = (1— Al + 42} K, = (1= B)1 + Br?), (see[1]).

Thus the equality in our theorem holds at z=-r for

_1+Az
1+ Bz

fl(z) gl(z),ile <R,

1+ Aw, (z)

and for fz(Z):m

gz(Z),iﬂez < R, ,where gl(Z),gz(Z)ERk(OL) .

Theorem 5

If f eP*[4,B], then f is starlike in

Iz < rn, for R <R,
r, for R,<R,’

where R, and R,are defined as in Lemma 6 and 7, r, are respectively the positive roots of the
following two equations

(I-k(A-o)r+(1-20)r*)Y1-Ar)1-Br)—(A-B)r(1-r*)=0
-k (=0)r +(1=20)r* )4 = B)+(1=r*)A4 +B)+2[ (LK )'"* ~(1-4Br*)|=0
where K, and L, are defined in Lemma 6. This result is sharp.

Proof

It follows from Theorem 4 that iff € P*[A4,B ], then Re Z? ((Z)) > M,(r).ifR, <R, and
z

12



ReZ ), M,(r),ifR, <R . Then

of'(z) (- k(1) + (1= 20)* J1 - 4r)1 - Br)- (4~ By(1-1*)

Re f(z) > (I—I”ZXI—AV)(I—BV) >0,f0mll|z|<r1

IfR, <R,and

N Zf,(z)z( —k(l—oc)r+(1—20c)r2XA—B)+(1—7"2XA+B)+ 2[(L1K1)z —(I—ABrz)} e
/) (e (R

all, ifR, < R, .

For special cases see [2] and [3].

Lemma 8

Let g,(z)andg,(z)eR, (o). Then G(z)=(g,(z))"(g,(z))"z""*" belongs to R, (at,)
wherea, =1-(1-a)(p+7y).

Proof

A logarithmic differentiation yields

ZG’(Z)_ Zgl’(z)er 2g5(2)

G(Z) P gl(Z) Zgz(z)+(1_(p+y))

= pK,(z) +yK,(z) + (1= (p +7v))

where K, andK , € P, (o). From the definition of P, (o), there exists /,,i =1,2,3,4 € P(a) such that

Z((;;(,EZ)): p|:k1‘2hl(Z)_¥hz(Z):|+Y[kZth(Z)—¥h4(z)}+(l_(p +Y))

It is well known that if he P(a), then h(z) can be written as
h(z) = (l —a )p(z) + o, whereRe p(z)>()

and

13



Zg(iz)) ) p{¥[(l_a)pl(z)+a]} P %[(1—00172 +a ]+

k+2 k-2

v = [0-a)p; +al-y —=[1-a)p, +a]+ (1-(p +7)).

(10)

Since the class P is a convex set, then

PP, (Z)+yp3(z) _H, (Z) and PP, (Z)+YP4(Z) =H, (Z),
p+y Py

where Re H,(z)>0,i =1,2. Hence(10) can be written as
zG'(z) k+2p, o
)2 ap 1))+ - -a)p +1 )

_Eizm_axp+yy5@)+h—0—aXp+vm

206+ 2 T € Pla Jand

o, =1-(1-a)p+v)

This shows that G e R, (@) .

Theorem 6
Let f,,f, € P'[4,B] . Then
F(z)=(f1(z)" (f,(z))' "™
belongs to P"[4,B], where a, =1—-(1—a)p +v) .
Proof

Let G (z) be given byG (z) =(g,(z))° (g,(z)) z "*". Then

F(z) =[fmz)j" (fz(z)jy
G(z) g,(2) g,(2)

=(h ()" (h(z) ., (p+y)<l,

where h,,h, € P[4,B].

14



Hence FF e P'[4,B],0, =1-(1-a)(p +7).
Some geometrical properties

In this part we shall investigate the behavior of argf (z)at a point w (0) = F (re'®) to the
image I', of the circle Cr ={z :|z |=r},0<r <1 and where 0 is any number of the interval

(0,2 ) under the mapping by means of function f* from the class p,'[4,B]. We have

Theorem 7
If FeP[A,B]and 0<r <1, then for 0, <6,,0,,6, €[0,2n]

0, (re™)

> +{1-(1-a)k +(1-2a)}(0, —0,) + 2arcC oslA B

where -1<B<A<]1 and 0<o<1 .

Proof

Iff ePk“[A,B],thenjﬁ:p(z),wherep e P[A,B].
g(z)

Thus

L) e E) 2 (E)

(11)
f(z) g(z) p(z)

Letz =re® ,0<r <1,0 €[0,2n]. Integrating (11) with respect to 8 in the interval
1[6,,6,1,6, <6, , we have

jRe%de = argf (re'™)—argf (re')

i0 0, i0
_jR reg'e”) Ld0 + [ Re P e 4o
g(re") a o ple™)

1

Sincef € R, (o), it follows that

re' g(i’e’e)de 1-k(1- (x)r+(1 200)r*
g(re™) - 1-7?

0,
min jRe 0,-6,), See[7].

€R, (a
geR ( )91

15



Now in the second integral, we observe that

reiep!(reie)

0 0 0 . 0
R ! :—R — 1 ! :R -
arg p(re”) P e{ ilnp(re )} e ()

00

Consequently

i0
JR {re p're )}de—argp(reiez)—argp(reiel)

(re’)
and
max J‘Re rep (rele)de max ‘argp(re’ 2)— argp(re’e‘)‘
peP[4,B] 0 (rele) peP[A,B]
Using Lemma 5, we have
i0 1 (4 -B)r
max argp(re'’”’)=sin ———
peP[4,B] gp( ) 1— ABr?>

i0
jRem P 4ol

i0 _ i0
penple}le ) p(re’e) pg&)}B]‘argp(re )‘ mm ‘argp(re )‘
Slen_lw
1-ABr
o —2cos !t AZBI
1-ABr
Hence

L A=B)r 1-k(-a)r+(1-2a)r

0,-0).
1—-ABr> 1—7? ©.-6)

argf (re'”)—argf (re'”)>-n +2Cos

The value of the right side is depending on the value of r and it takes its smallest value at » =1.
Thereby we obtain the required result.

A convolution conditions for p,;[4,B]

In 1973, Rushweyh and Sheil-Small [9] proved the polya-Schoenberg conjecture, namely, if
[ is convex or starlike or close to convex and ¢ is convex then f* *¢ belongs to the same class. In

the following we shall prove the analogue of this conjecture for the class p;[4,B ]and give some
of its applications. We need the following lemma with simple modification.

16



Lemma 9 [6]

LetfeR, (o). Then G =f *¢ e R, (o) where ¢ is convex in E
Theorem 8

Let F e P'[4,B] and ¢ is convex. ThenF *¢ € P*[A4,B].

Proof:

Let Fe P [A, B]. Then F (z)=P(z) g(z) , where g belongs to R, (o) and P(z)eP[A,B].

%
follows from the Lemma 9 that g*¢ € R, (o) . Then F *j; e P[4,B].
g

Remark

As an application of Theorem 8, we have the following

(1) The family P,"[4,B] is invariant under the following operators.

If ©)

E(f) = dg =(f *¢)(z)

Fz(f)ZZ—Jf(é)di =(/ *,)(=)

1/ ©)-f(x0)
Pl
=(f *¢;:)(z)

1+c 7

F(f)——j&‘ /©)dE . Rec>0

d¢ , |x|<1 , x #1

where F(f,(z))=(f *¢,)z) and ¢,(i =1,2,3,4)are convex univalent functions which satisfy

0()= Zl —log(l-2),
2 =2z +log(1-z
05 =)z = 2 roeC=2)],

n=

o0

I-x" 1 1-xz
z z" = lo x €1, x #1,
0, (z) = Z (l—x) o8 | x |

1+c
z z" ,Rec>0.
d,(z) = ;Hc

17
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Now let D, F(z)=(1—A)F(z)+ AzF " (z) =}, * FX2)orrrommrreomriomeoereeeereeereeeronn. (12)

z[1-(1-Az)]

where A>0 and let y, (z) = |
-z

. Then y, (z) is convex if

1

(13)
20 +40F =20 +1

z |=r =

Thus, we have

(2) Let F(z)eP’[4,B]. Then D,F(z)=y, *F belongs to the same class for|z |< 7, ,
where r, is given by (13).

Now let u(F)=zF'(z ). This differential operator can be written as u(F)=¢ *F ,

where

z

¢(Z)=inz” =— (14)

-z

It can be easily verified that the radius of convexity of ¢ is given by 7, (¢)=2— V3 . This fact
together with Theorem 8 yields

Q3)Iff eP[4,B] then ¢ *f € P’[A,B] where ¢ is givenby (14)if |z |=7, < 2-43.
Radius of starlikeness for the class O, [4,B]

Now we generalize the result of Goel and Sohi [3] and Ganesen [2] for the class Q,” [A, B].
The following lemma can be easily derived.

Lemma 9

Let 5,,i=12 begivenby s,(z)=z" +c, +¢,z+c,z° +... and
-1 2 : . ZS:"(Z)
s,(z)=z"+d, +dz+d,z* +... ,and let 5,,i=12 satisfy —RGT >a . If
s;(z
G(z)=z" +b, + bz +b,z* +... such that
k+2

G(Z)=% (15)
(5,(z) *

then

18



Proof
Differentiating (15) logarithmically yields

zG'(z) _k+2zs/(z) k-22z5)(z)
Giz) 4 s2) 4 s,@)°

This implies that

2G'(z) _k +2(_zsl'(z)]_k —2[_zs;(z)j
G(z) 4 5,(z) 4 $,(z)

zG'(z) k+2 k-2
G(z) ~T 4 pi(z) 4 p,(2),
where Rep,(z)>oa ,i =1,2 and G (Z)ePk(oc) .

Theorem 9

If FeQ/[A,B], thenfor |z |=7r <1

B eZF'(Z)> {Ml(r),forR1 <R,
R F(z) {Mz(r), forR , < R,
where
1=kl -a)r+(1-20 )’ (4-B)r
Milr)= 1-72 (- 4r)1-Br)
1-k(l-a)+(1-20)* A+B 2 1 ,
M, (r)= - +A_B+(1_r2XA_B)[(LIK1)21—(1—ABr )}

and R,,R,,L,andK are defined in Lemma 6 .
Proof

Since F €Q/'[4,B], therefore
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,where —1<B <4 <1 (16)

[F@T 144w ()
p(z)_{G(z)} T 1+Bw(2)
w (z)is analytic in E and satisfies w (0)=0,|w (z) <1,

Differentiating (16) logarithmically, we have

zp'(z) :_ZF'(Z)+ZG'(Z)
p(z) F(z) G(2)

_zF'(z) :_ZG'(Z)+zp'(z)
F(z) G@z) pi)

Using Lemma 6, we have

_RezF'(z)>_RezG'(z)_ (A-B)r

> if R,<R,
F(z) G(z) (I-Ar)1-Br)
. peZGC) (4 +B)+2[(L1K1)1/2—(1—€Br2)]
G(z) (4-B) A-B)(1-r)

and since G is of bounded radius rotation of order a , using Lemma 7 we have

zG'(2) S 1-(1—o)kr +(1-20)r?

Re > >
G(z) -7

Jzkkr 17)

Using (17), we have the required result. The bounds are sharp. This can be seen by choosing
G,(z) of bounded radius variation of order o such that

_zG'(2) o 1=(-0)kz +(1-20)z°
G(z) 1-z°?

if R, 2R,,

_ZG'(Z) S 1—(1—0L)kw1(z)+(1—20c)wlz(z)
Giz) -w ()

if R,>R,

and take F|(z) such that it satisfies

-1
Fl(z)} _1+A4z if R <R
1 =2

pl(z):[Gl(z) T 1+ Bz
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_1+Aw (2)

- if R,<R,,
1+Bw,(z) JoR=k,

z(l-cz)

where w (z) = with |¢, |<1 . Proceeding in the same way as in proving the sharpness of

z
1
Theorem 4, we can prove that this result is sharp.

Theorem 10

If FeQ/[A4,B],thenF is starlike for ‘z |: r,<l,i=1,2

i. 0<zl|<kn,  for R <R,
. 0<zl|<xr, for R,<R,

where 7, and r,are the smallest positive roots of the following equations respectively
[1-k (=) +(1=2a)r’ |(1-Ar)(1=Br)—(4 -B)r(1-r*)=0
[1-k(—a)r+(1=20)r" [(4 =B)+(1-r*)A4 +B)+2[ (LK) —(1-4Br’)|=0

Proof

Using Theorem 9, we have

Re- ZG)5 M(r),, whenR, <R, and Re— Fla), M, (r)whenR, > R, . Hence
F(z) F(z)
2F'(z) , . . . . .
Re >0 For|z| <r,i=12,and this gives a sufficient condition for any function F to be

F(z)
starlike. Proceeding in the same way as in Theorem 5, we obtain the required result.
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