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Abstract: We explain that the Leverrier-Takeno´s method to construct the characteristic polynomial of
an arbitrary matrix 

~
A , plus the Cayley-Hamilton theorem, it is equivalent to the Faddeev´s process to

obtain 
1

~

−A . We apply this algorithm to the second fundamental form of a spacetime embedded into
flat 5-space.
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Introduction

For any matrix 
~
A

n× n= (Ai
j) its characteristic

equation:
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can be obtained, through several procedures [1-
5], directly from the condition det(Ai

j) – λδi
j)=0.

The approach of Leverrier-Takeno [1,6-9]  is a
simple and interesting technique to construct (1)
based  in the traces of the powers 

~
A r

,  r =1, …,n.

On the other hand, it is well known that an
arbitrary matrix A satisfies its characteristic
polynomial:
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which is the Cayley-Hamilton identity. If  
~
A  is

non-singular (that is, det  ≠ 0), then from (2) we
obtain its inverse matrix:
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where  0≠na   because 
~

det)1( Aa n
n −=  .

Faddeev [10-13] proposed an algorithm to
determine  1

~

−A  in terms of  rA
~

 and their traces.
Here we exhibit that (3) coincides with the
Faddeev´s result if we employ the Leverrier-
Takeno´s formulae for ja . After, we apply this
analysis to second fundamental form b governing
the extrinsic geometry of Riemannian 4-spaces
of class one (that is, 4-spaces embedded into (E5)
[14-18]. The corresponding eq. (3) leads to an
original expression for its inverse matrix as
function of b and the double dual of Riemann
tensor (projection of it onto the Levi-Civita
tensor) [18,19]. Normally the Leverrier-Takeno-
Faddeev technique is considered useful only in
problems of numerical analysis, but the aim of
our work is to show the importance of this
algorithm in geometrical theories as general
relativity, with potential applications to several
physical fields.

Leverrier-Takeno and Faddeev methods

If we define the quantities–––––––––––––––––––––––
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10 =a ,
~

r
rs tr A= , r = 1,2,…,n  (4)

then the process of Leverrier-Takeno[1,6-9]
implies (1) wherein the ia  are determined with
the recurrence expression

0112211 =+++++ −−− rrrrr sasasasra L ,

r = 1,2,…,n (5)

Therefore

a1 = -s1 , 2! a2 = (s1)
2 – s2 ,

3! a3 = -(s1)
3 + 3s1s2 – 2 s3 , (6)

4! a4 = (s1)
4 - 6 (s1)

2 s2 + 8s1 s3 +3 (s2)
2– 6s4,

etc.

In particular det ( ) n
n aA 1

~
−= , that is, the

determinant of any square matrix only depends
on  the traces sr , which means that 

~
A  and its

transpose have the same determinant.

The Faddeev procedure [10-13] to obtain

~
A -1 is a sequence of algebraic computations on
the powers 

~
A r and their traces. In fact, his

algorithm is given by the instructions
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For example, if we apply (7) for n = 4, then it is
easy to see that the corresponding qr imply (6)
with  qj = - aj , and besides (8) reproduces (3).
By mathematical induction one can prove that
(7) and (8) are equivalent to (3), (4) and (5),
showing thus that the Faddeev technique has its
origin in the Leverrier-Takeno method plus
Cayley-Hamilton theorem.

Spacetimes of class one

A  R4 can be embedded into E5 (that is, the
4-space has class one) if and only if there exists
the second fundamental form bac = bca  satisfying
the Gauss-Codazzi equations [14-18,20]

Racij = å(baibcj - bajbci), (9)

bij;c =  bic;j,  (10)

where  å = +1,  Racij  is the Riemann tensor and  ;
r means covariant derivative. It is well-known
[21] that whenever  det ( bi j )  is different to zero
then (9) implies (10). In other words, when a non-
singular matrix b satisfies the Gauss equation,
the Codazzi equation is verified automatically.
However, in general the construction of b for a
given spacetime should involve the study of both
(9) and (10) together.

Employing (9) it is not difficult to deduce
the following result [14,15,22].

-24 det ( bi 
j ) = K2

*R* ijacRijac, (11)

where K2 is a Lanczos invariant [19,23-25]
defined in terms of the double dual of curvature
tensor

* * 1
4

ij ijrt mn
ac rt mnacR Rη η= , (12)

with ηijrt denoting the Levi-Civita symbol, then
the Bianchi identities [20] adopt the compact
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form [18,19]

*R* i
jac ; i = 0,  (13)

        The present work deals with the case
2   0K ≠ , thus, according to (11) this implies that

the inverse matrix b-1
ij exists. In this situation we

employ (2), (6), (9) and (11) to obtain the
characteristic polynomial of b [15,16]

4 3 2 2   
2 24

Kb R pε
− − − − =b b b b I 0 , (14)

where  R = Rij 
ji   is the scalar curvature and

b = tr b,    3
ac

acp b Gε
= ,

Gij = *R*a
ija = Einstein tensor, (15)

Then with (3) and (14) we construct the inverse
matrix of  b

12    
24

r
ij ir j ij

K b b G p gε− = − ,  (16)

In a given spacetime we know the metric tensor
gij , Gac  and  K2 ; if besides we have b and ε, then
(15) determines p. Thus (16) gives us  b-1  and

1 1

2

24 r
r

pb tr
K

− −= = −b . (17)

On the other hand, the double dual (12)
admits the expansion [16,19,23]

( )* *       
2ijac ijac ic ja ja ic ia jc jc ia ic ja ia jc
RR R G g G g G g G g g g g g=− + + − − + − , (18)

Therefore (9), (16), (17) and (18) imply the
original relation

K2   b
-1

ia = 8å *R*
ijac b

jc, (19)

which means that b-1 essentially is the projection
of b onto double dual tensor. The Codazzi
equation (10) is a differential condition on b.

However, we searched in the literature some
differential restriction on b-1, but without success
in this quest. The importance of (19) is that it,
(10) and (13) generate such differential requisite

( K2 b
-1i

a );i = 0, (20)

which is other original contribution of this work.

The deduction of (19) and (20) shows the
usefulness of Leverrier-Faddeev-Takeno
expressions in the study of 4-spaces of class one.
However, our analysis also is applicable to
geometric control theory, quantum information
processing, field theory, quantum groups and
chaos theory (see [26-32]).

References

1. Wayland, H. 1945. Expansion of determinantal
equations into polynomial form. Quart. Appl. Math.
2:277-306.

2. Householder, A.S. and Bauer, F.L. 1959. On
certain methods for expanding the characteristic
polynomial. Numerische Math. 1:29.-37.

3. Wilkinson, J.H. 1965. The algebraic eigenvalue
problem. Clarendon Press, Oxford.

4. Lovelock, D. and Rund, H. 1975. Tensors,
differential forms, and variational principles. John
Wiley and Sons, New York.

5. Lanczos, C. 1988. Applied analysis. Dover, New
York.

6. Leverrier, U.J.J. 1840. Sur les variations séculaires
des elements elliptiques des sept planets principales.
J. de Math. Pures Appl. Série 1 5:220-254.

7. Krylov, A.N. 1931. O cislennom resenii uravnenija,
kotorym v techniceskih voprasah opredeljajutsja
castoty malyh kolebanii material’nyh system. Izv.
Akad. Nauk. SSSR Ser. Fiz.-Mat. 4:491-539 .

8. Takeno, H. 1954. A theorem concerning the
characteristic equation of the matrix of a tensor of
the second order. Tensor New Series 3:119-122.

9. Wilson, E.B., Decius, J.C. and Cross, P.C. 1980.
Molecular vibrations. Dover, New York.

10. Faddeeva, V.N. 1959. Computational methods of
linear algebra. Dover, New York.

11. Faddeev, D.K. and Faddeeva, V.N. 1963. Methods
in linear algebra. W. H. Freeman, San Francisco,
USA.



Leverrier-Faddeev’s algorithm 50

12. Gower, J.C. 1980. A modified  Leverrier-Faddeev
algorithm for matrices with  multiple eigenvalues.
Linear Algebra Appls. 31:61-70.

13. Caltenco, J.H.,  López-Bonilla, J.  and  Peña-
Rivero, R. 2000. Characteristic polynomial of  A
and Faddeev’s method for  A-1. Aligarh Bull. Math.
19:55-59.

14. López-Bonilla, J. and Núñez-Yépez, H.N. 1996.
An identity for spacetimes  embedded into E5.
Pramana J. Phys. 46:219-221.

15. López-Bonilla, J., Morales, J. and Ovando, G.
2000. An identity for spacetimes embedded into E5.
Indian J. Math. 42: 09-312.

16. Caltenco, J.H., López-Bonilla, J. and Ovando,
G. 2001. Spacetime embedded into E5. J.
Bangladesh Acad. Sci. 25:95-97.

17. Caltenco, J.H., Linaresy, M.R. and López-
Bonilla, J. 2005. A note on the  potential for the
Gödel solution. Proc. Pakistan Acad. Sci. 42:153-
154.

18. Acevedo, M., López-Bonilla, J. and Vidal-
Beltrán, S. 2005. Some applications of a Lovelock’s
theorem. Proc. Pakistan Acad. Sci. 42:249-252.

19. Lanczos, C. 1962. The splitting of the Riemann
tensor. Rev. Mod. Phys. 34:379-389.

20. Kramer, D., Stephani, H., MacCallum, M. and
Herlt, E. 1980. Exact solutions of Einstein’s field
equations. Cambridge University Press, England.

21. Thomas, T.Y. 1936. Riemann spaces of class one
and their characterizations. Acta Math. 67:169-211.

22. Fuentes, R., López-Bonilla, J., Matos, T. and
Ovando, G. 1989. Spacetime of class  one. Gen.
Rel. Grav. 21:777-784.

23. Lanczos, C. 1938. A remarkable property of the
Riemann-Christoffel tensor in four  dimensions. Ann.
Math. 39:842-850.

24. Gaftoi, V., López-Bonilla, J. and Ovando, G. 1998.
The Lanczos invariants as ordinary divergences.
Nuovo Cim. B 113:1489-1492.

25. López-Bonilla, J., Ovando, G. and Puente, O.
2002. Lanczos scalars as exact divergences. Indian
J. Theor. Phys. 50:177-180.

26. Urrutia, L. and Morales, N. 1994. The Cayley-
Hamilton theorem for supersymmetries. J. Phys. A:
Math. Gen. 27:1981-1997.

27. Pèoux, G. Monnerville, M. and Flament, J-P.
1996. Exact analytical polynomial formulation of
the exponential of fully matrices. J. Phys. B: At. Mol.
Opt. Phys. 29: 6031-6047.

28. Sudbery, A. 2001. On local invariants of pure three-
qubit states. J. Phys. A: Math. Gen. 34: 643-652.

29. Núñez-Yépez, H.N. and Salas-Brito, A.L. 2001.
Jacobi equations using variational principles. Phys.
Lett. A 275:218-222.

30. Fellouris, A.G. and Matiadou, L.K. 2002. On the
minimum polynomial of supersymmetries. J. Phys.
A: Math. Gen.  35:9183-9197.

31. Delgado, J., Núñez-Yépez, H.N. and Salas-Brito,
A.L. 2004. On the Lagrangian of variational
equations of Lagrangian dynamical systems. Chaos,
Solitons and Fractals 20:925-935.

32. Cirilo-Lombardo, D.J. 2005. Non-Abelian Born-
Infeld action, geometry and supersymmetry. Class.
Quantum. Grav.  22:4987-5004.




