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Abstract: Theaim of thispaper isto build up the U(1)-gauge theory for fermionsin the curved space-
time such asNUT-Kerr-Newman spacetime. The NUT-Kerr-Newman space time which is not ablack
hole space-time but its common feature with the black hole space-timeisthat it has horizon.
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I ntroduction

Carmeli [1}, Carmeli and Carmeli [2]and
Carmeli and Malin [3] derived theKlein-Gordon,
Weyl and Dirac-typeequationson R x S®space-
time by simply going from the momentum to the
angular momentum representation. Sen [4] obtained
themost general Lagrangiansfor the Dirac, Weyl,
and Magorana fermions. Sen’s work offers an
excellent description of fermions in the space-
timerx g3. M. Dariescu et al. [5] developed a
U(1)-gauge theory for massive fermionic fields
minimally coupled to acurved space-timesuch as
Kerr-Newman black hole space-time. C. Dariescu
et a. [6] developed the tetradic Lorentz-gauge
invariant formulation of the SU(2)xU(1) theory in

R x S° space-time. Biswas[7] also developed a
U(1)-gauge theory for massive fermionic fields
minimally coupled to acurved space-timesuch as
Kerr-Newman-Kasuyaspace-time. Todevelopa
U(1)-gaugetheory for massivefermionicfieldson
curved space-time such as Kerr-Newman black
hole space-timethey used the Dirac-type equation
and theU(1)-gaugeinvariant Lagrangian. Inthis
paper, we study the U(1)-gaugetheory for massive
fermionicfieldsinaNUT-Kerr-Newman space-
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time. The NUT-Kerr-Newman spacetimeisnot a
black hole space-timebut it includesK err-Newman
black hole space-time as a special case. It also
includesNUT space-time asaspecia casewhich
possessesvery interesting properties. Although the
NUT-Kerr-Newman space-timeisnot ablack hole
space-time; itscommon featurewith the black hole
space-timeisthat it hashorizon.

TheNUT-Kerr-Newman space-time

The NUT-Kerr-Newman space-time is
described by themetric
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wherem, h, eand n arethe mass, angular momentum
per unit mass, electric chargeand NUT (magnetic
mass) parametersrespectively.

Thisis a solution to the Einstein-Maxwell
equationswith vector potential
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The space-timegiven by (1) encompassesall the
black holegpace-times, whichareasymptoticaly flat.
Specidly, themetric (1) includes:

() Kerr-Newman black hole space-timewhen
n=0.

(i) Kerrblack holespace-timefor n=e=0.

(i) Reissner-Nordstrom black hole space-timeif
n=h=0.

(iv) Schwarzschild black hole space-timewhen
n=e=h=0.

(v) NUT-Ker space-timeife=0.

(Vi) NUT space-timewithe=h=0.

Thismetric can betransformed to Boyer coordinates
under the proper coordinatetransformation such as
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withthe suitable adjustment of the parameter
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Therefore, themetric (1) canbewritten as
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This metric represents the NUT-Kerr-Newman
space-timein Boyer coordinates, which hasbeen
studiedin detail by Plebanski [8].

After asuitable choice of the null complex
tetrads { (o®} which consists of two complex
conjugate null vectors m,m and two real null

vectorsky . K, {w®} ={mm, Ky Ko}
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the metric (1) becomes in the simple form
ds? = 2(w1w2 - w3w4) =g abwawb (7)
with
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Field equations

For themassivefermionic complex fields ¢/
theU(1)-gaugeinvariant Lagrangianisgivenby

FHY
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where y“ isthegeneraized Dirac gammametrics,
theU(1)-gaugefiel d-strength tensor isdefined as
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and the gauge-covariant derivativeisdefined as

D IJL,U =0 ul[l + igAuL,U and its h.c. (1)
Here U ullf betheLevi-Civitacovariant derivative
and g bethe gauge coupling constant. Under these

assumptions, the Dirac-typeequationisobtainedin
the covariant expresson

, 1
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The Dirac-type equation governsthe particle, in
curved space-time, and the Maxwell equationswith
sources can be expressed in the standard form
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whichwill begenerdizedfor thecaseof anull tetradic
base {ea} ,a=14.TobuildupaU(1)-gaugetheory
of amassivefermionic complex fieldinthe curved
space-time described by the metric (7) weusethe
U(1)-gauge invariant Lagrangian. The general
expressonfor thecovariant derivative (11) becomes,

Doy =0y +igAqy anditsh.c. (19
andtheLagrangian (9) as
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Theelectromagnetictensor @b can beexpressed
inthe base of coordinate(p, q,0,T

ab b uv
F = wﬂwv FH (16)

Therefore, theessential componentsof g HV are
givenbelow
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The components of - HY alow us to put the
Maxwell equations (13) intheexpression

ba —
efF=02r (18)

Finally the Dirac-type equationisderived for the
spinorial massive complex field Y coupled to the
NUT-Kerr-Newman-Kasuyaspace-time. Usingthe
U(1) gaugeinvariant Lagarangian (15) the Dirac-
typeequationisobtainedinthegeneral form

v20a +ioAa )y - - o YW My =0 (19)

Hence, by working out the above, the Dirac-type
equation for themetric (5) can beexpressedinthe
form
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Using (3) and (4) into the equation (20), we obtain
the Dirac-type equation for the metric (1) in the
falowingform
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In conclusion, theresult obtained inthis paper
apply for theNUT space-timewhen e = h = 0 and
for the Kerr-Newman black hole space-timewhen
n=0. Under thisobservation, weliketo claimthat
thisstudy not only encompassesthe known result of
Dariescu et al. [5] inthe context of Kerr-Newman
black hole, but also providesthe similar result for
theNUT space-time. Soitisinteresting to notethat
weget the U(1)-gaugetheory of fermionsnot only
inthe Kerr-Newman black hole space-time[ 5], but
alsoinother space-times such as Kerr-Newman-
Kasuya space-time[ 7] and NUT-Kerr-Newman
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space-timewhich are not black hole space-times
but they have the common feature with the black
hole space-timethat they have horizons.
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