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CERTAIN SUBCLASSES OF P-VALENT STARLIKE FUNCTIONS
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Abstract: The object of the present paper isto introduce two interesting subclasses T* (p, a, 3,y) and
C (p, a, B, y) of p-valent starlike functions in the open unit disc U = {z :[z[€1}, and prove various
coefficient inequalities and distortion theorems for functions belonging to these subclasses. The radii
of convexity for functions belonging to theclasses T* (p, a, 3,y) and C (p, a, B, y) arealso determined.
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I ntroduction

Let A(p) denoteclassof functionsof theform:

f(z)=zP + %apmzp*” (PON={12..}) (11
n=1

which are analytic and p-valent in the unit disc
U={z:[z[<1}. Afunctionf(z) OA(p)iscalled
p-valent starlike of order a if f(z) satisfies the
conditions

Re D, (1.2)
0f(@ o
and
[zf (2) 0
j f o - G0 = (1.3)

0

for O<a<p,pUN, and z[JU . We denote
by S(p, o) thedassof dl p-vaent sarlikefunctions
of order a. Alsoafunction f (z) JA(p) iscaled
p-vaent convex order a if f(Z) satisfiesthefollowing
conditions

ReH+ Zf,"(z) §> a (1.9

and
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J’Re%_+

z)0d
g’ (1.5)

for O<a<p,pUN andz O U. Wedenote by
K (p, a) theclassof al p-vaent convex functions
of order a. We notethat:

f(z) OK(p, o) ifandonlyif

ZfFfZ)EIS(p a)0<a<p. (1.6)

The class S(p, a) was introduced by Patil and
Thakare[3] and the classK (p, ) wasintroduced
by Owa[2].

Let T(p) denotethesubclassof A(p) conssting
of functionsof theform:

f(z)=2" - zap+nz 0,pON). 1.7

n=1

(ap+n

We denote by T* (p, a) and C(p, a) the classes
obtained by taking intersections, respectively, of the
classes S(p, a) and K(p, a) with T(p); that is,

T (p.@) =S(p,a) n T(p)
ad
C(p, o) = K(p,0) n T(p).
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TheclassesT* (p, a) and C(p, o) wereintroduced
by Owal[2]. In particular, the classes S* (1, a) =
S* (a) and (C1, a) =C(a) whenp=1werestudied
by Silverman[4].

L et thefunction g(z) bedefined by

0(z) =zP - %bp+n2p+n(bp+n >0,p0N). (18)
n=1

Thenafunctionf(z) O T(p) issaidto beintheclass
T (p,a,B,y)if

@'(2) _
9(2)

7@ .,
o) TPA

<y (zOU) (1.9)

forg(z) OT* (p,a)(0<a <p),where 0<B<p
and 0 <y< 1. If afunction f(z) belonging to the
class T(p) satisfies the condition (1.9) for
9(z2) UC(p, a)(0<sa<p), 0<s B<pand
0<y<1,wesay that thefunctionf(z) isintheclass
C(p.a, B, Y).

Coefficient Inequalities

We begin by recalling thefollowing lemmas
fromOwal?2].

Lemmal

Let thefunction g(z) defined by (1.8). Then
g(2)isintheclassT* (p, a) if and only if

d(Ptn-a)bpn<(p-a).  (21)
=1

Lemma?2

L et thefunction g(z) defined by (1.8). Then
0(2)isintheclassC(p, a) if and only if

> (p+n)(p+n-a)bpiy <p(p-a). (2.2)

n=1
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Applying the abovelemmas, we now prove
our first result on the coefficient inequalitiesfor
functionsbelongingtothedassT* (p, a, B, Y), given
by

Theorem 1

Let thefunctionf(z) defined by (1.7) beinthe
classT* (p, a, B, ). Then

: _ o-opA-Y)+ 28T, 5
> Hren@rma,, - E R e 2ne-p - (23)

Proof

Sincef(z) O T* (p, a, B, y), there exists a
function g(z) belongingtotheclass T* (p, a) such
thet

| #'@-pu@) |
2@+ - CTY @

If followsfrom (2.4) that

z{(p +Napn ~ pz bp+n}Zn
n=1 n=1

Re

<y(zOU). (2.5)

o o o o

O

O

O

D [ee]

é#(p—ﬁ) = S{(P+Mapun + (P~ 2)bpen}2"
n=1

zf'(z
Choosevauesaof zontherea axissothat g((z)) is

real. Thus, upon clearing the denominator in (2.5)
andletting ; _, 1~ throughred values, wehave

> {(p+napiy —pbpen} <
n=1

véz(p )= T+ Mapen + (p- 2ﬁ)bp+n}§ 26)
n=1

or, equivaently,

3 {@+ )P +napy ~[pA-7)+ Bylbpint <2v(p-p).  (2.7)
n=1

Notethat, by usingLemmal,g(z) O T* (p,a) implies
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Dpun <

S p+n-a (n=1. (2.8)

Making useof (2.8) in (2.7), we completethe proof
of Theorem 1.

Corollary 1
Let thefunctionf(z) defined by (1.7) beinthe
classT* (p, a, B, ). Then

2y(p+n—a)(p—P) +(p—a)[pE-y) +2By]

Apsn<
(p+n)(p+n-0)1+y)

(n=1). (29
Theresult (2.9) issharp for afunction of theform:

(=0 AN =)(P=F) + (P )[pAL-Y) + 2B pin
(p+n)(p+n-a)L+y)

(n=1). (2.10)

with respect to

9(z) =2° —(p(:?)a)z’””(n 21). (2.11)

Remark 1
(i) Lettingp=1inTheorem1and Corollary 1, we
obtain the results proved by Srivastavaand Owa

[5, Theorem 1 and Corollary 1].

() Lettingp=landa =0 inCorollary 1, we
obtain aresult proved by Gupta[1, Theorem 3].

Inasimilar manner, LemmaZ2 can be used to
prove

Theorem 2

Let thefunctionf(z) defined by (1.7) beinthe
classC(p, a, B, y). Then

3 _P(p=o)[pA-Y) + 2BV,
HZZEH Y)(P+n)ap.n (+n)p+n-a) Es 2y(p-B). (2_]_2)
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Corollary 2

Let thefunctionf(z) defined by (1.7) beinthe
classC(p, a, B, ). Then
<2VP+n)(P+n-0)(p=B)+P(P-a) [PA-V) + 2BV (-

(p+n)*(p+n-a)l+y)
(2.13)

Theresult (2.13) issharp for afunction of theform:

Qp+n

f(2)= 20 - 2@ N(P*+n=a)(p=P)+p(p=A)[PA-Y) * 2BV] pen
(p+n)*(p+n-o)(L+y)
(n=1). (2.14)

with respect to
p(p —a)

2" (n 2 ).
(p+n)(p+n-a)

9(2) =z - (2.15)

Distortion Theorems

Applicationsof Lemmaland Lemma?2 lead
tothefollowing distortion theoremsfor functions
belonging to the classes T* (p, a, B, y) and

C(p, a, B, ).
Theorem 3

Let thefunctionf(z) defined by (1.7) beinthe
classT* (p, a, B,y). Then

2" <[f @< [ +Ap.a By
(3.1)

‘Z‘p —A(p,O(,B,V)

and

plZP™ - (p+DA(p,a,BVZ < [f'(2) < plZ” (P +DA(P.a,B V)2
(3.2)

forzO U, where

_ (p—0)p(+y) +2y(p-P)
A IRl ol ] - . 3.3
PabI e r-aary

Theresults(3.1) and (3.2) are sharp.
Proof

Forf(z) OT* (p,qa, B,Y), (2.7) implies
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(p+DL+ V)Z 8pen ~[P(L-Y) +213V]Z by <2v(P-B). (3.4)

Forg(z) OT* (p, o), Lemmal implies

[

p-a
Z Bgin Sm, (3.5)

sothat (3.4) reducesto

N (P-a)p@+Y)+2y(p=P) _ _ 3.6
2.5 prpri-a ey PePY (30

Consequently,

CEEE X
n=

©

2[7" -\Z\pﬂzapm
n=

>l"-Apa.By)2™ 37
and

f@) <2 +[2"" Y ape
n=1
<|Z" +A(p,a,B,y)|2"". (3.8)
Furthermore, we notefrom (2.7) that

(1+v)Z(p+n)ap+n—[p(1+v>+2svlsz+n <2y(p-B),  (3.9)

which, inview of (3.5), becomes

Y @ema, <O =0+ AGas.
(3.10)

Thus, wehave

(@) 2p2"" [z Z (p+n)a,,,
20z - (p+DA(p.a,B.Y)[Z° (3.12)

and
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f'(2) < p‘z‘p-l + ‘Z‘P Z (p+n)a,,,
<pz”+(P+DAPaBYZ. (312

Finaly, we can provethat theboundsin (3.1)
and (3.2) are sharp by taking thefunction

f(z2)=z° -A(p,a,B,y) z"** (3.13)
with respect to
g@)=20 - P~z (314)

(p+1-a)
Thiscompletesthe proof of Theorem 3.
Corollary 3

Let thefunctionf(z) defined by (1.7) beinthe
classT* (p, a, B,Y). Then theunit disc U ismapped
ontoadomainthat containsthedisc Cwl<r,, where

_2p+tl-a+y-ay+2y
(P+D(p+1-0a)(@+y)

(3.15)

n

Theresultissharpwiththeextremd function defined
by (3.13).

Remark 2

(i) Lettingp=1inTheorem 3, weobtainaresult
proved by Srivastavaand Owa [5, Theorem 3].

() Letting p=land a =0 in Theorem 3, we
obtain aresult proved by Gupta [1, Theorem 4].

Theorem 4

Let thefunctionf(z) defined by (1.7) beinthe
classC(p, a, B, y). Then

4 BBV <l @<l +Bp.a BV (316)

and
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Pz - (p+DB(p,a.BY|Z° <f'(2) <pZ" + (p+1)B(p.a,B,Y) 2"

(3.17)
forzO U, where
B(p,a,By) = p(p—0)[p(L+Yy) + 2B\ + 2y(p—B)(p+D(p+1-a) .
(P+D*(p+1-a)(d+y) (3.18)
Theresults(3.16) and (3.17) aresharp.
Proof
By using Lemmaz2, wehave
N p(p-a)
by.n < ’
; T (p+)(p+1l-a) (3.19)

since g(z) O (C(p, a). The assertions (3.16) and
(3.17) of Theorem 4 follow if we apply (3.19) to
2.7).

Theboundsin (3.16) and (3.17) are attained
by thefunction

f(2) =z° -B(p,a,B,y)[Z"™ (3.20)
with respect to
9(z)=2" - P(P=0)  pu. (3.21)

(p+D(p+1-a)

Thisevidently completesthe proof of Theorem 4.
Corollary 4

Let thefunctionf(z) defined by (1.7) beinthe
classC(p, a, B, ). Then theunit disc U ismapped
ontoadomainthat containsthedisc Cwl<r,, where

1

2 prD2(p+1-a)(L+y)

{(p+D(p+1-a).

[(p+D@+y) - 2v(p—B] - p(p — o) [p(L+Y) + 2By]}.
(3.22
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Convexity of functionsin T* (p, a, B, y) and
C(p, a, B, Y)

In view of Lemma 1, we know that the
functionf(z) defined by (1.7) isp-vaent starlikein
theunitdiscU if andonly if

Z (P+n)ag+n <p. 4.2
n=1

Forf(z) OT* (p,a,B,Y), wefindfrom(2.7) and
(3.5) that

Z (p + n) ap+n S(p +1)A(p1 aaB, y) < pa (42)

n=1

where A(p, a, 3, y) isdefined by (3.3). Further-
more, for f (z) O C(p, a, B, y), we

z (p + n) ap+n S(p +:DB(p! G,B, y) < p1 (43)

n=1

whereB(p, a, 3, y) isdefined by (3.18). Thuswe
observethat T* (p, a, B,y), and C(p, a, B, y) are
subclassesof p-valent starlikefunctions. Naturaly,
therefore, we areinterested in finding theradii of
convexity for functions in T* (p, a, B, y) and
C(p, a, B,y). Wefirst state:

Theorem5

Let thefunctionf(z) defined by (1.7) beinthe
classT* (p, a, B, Y) . Thenf(z) isp-vaent convex
inthe [zlI<r,, where

1

.0 p? On
rz =inf 3 il
nzlgp +1)(p + n)A(p, a, Bv V)E

_ p?

(p+2A(.aBY) (44)

where A(p, a, B, Y) isgivenby (3.3). Theresultis
sharp.
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Proof

If sufficesto prove

zf"(2)
1+ —Z —p<p (Z<r,). 4.5
T p<p (Z<rs) (4.5)
ndeed we have
—mn(p+n)a+nz”
SCRER o
Z 00
p- Zn(p+n) Ap+n 2"
n=1
Zn(p+n)ap+n\z\”
< - n= O (46)

p- Z (p+ n)ap+n‘z‘n

Hence (4.5) holdstrueif

(o)

Zn(p+ n)ap+n\2\n <p?- Zp(p+n)ap+n\z\n, (4.7)
n=1

n=1
thatis, if

> (p+ n)zapJrn 7" <p?. (4.8)
n=1

Withtheaid of (3.10), (4.8) istrueif

(p+n)fz =

2
b
PFIAMapy Y (4.9)

It followsfrom (4.9) that
1

< a8 = (021
Z| < nz1.
Hp+D(p +MA(p, a,B,V)g (4.10)

Findly,since(p + n)—n_l isanincreasing function
forintegers n>1p0N, wehave(4.5) for |7 <rs,
where r3 isgivenby (4.4).

In order to complete the proof of Theorem 5,
wenotethat theresultissharpfor thefunctionf (z) e
T* (p, a, B, y) of theform:

f)=0 - PHDAGABY) pen

4.11
(p+n) (41
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for someinteger n> 1.
Similarly, we can prove Theorem 6.
Theorem 6

Letthefunctionf (z) defined by (1.7) beinthe
classC(p, a, 3, V). Thenf(z) isp-vaent convexin
thedisc [z[kr,, where

p2

g
= o+ Do+ B By)

1
Ch
a
g

p’ 412
(P+1)2B(p,o,BYy) @412

where B (p, a, B, y) being given by (3.18). The
resultissharp for thefunctionf(z) O C (p, a, B, V)
of theform:

f(Z) - Zp _ (p+1) B(pva!Bay) Zp+n
(p+n)

(4.13)

for someinteger n> 1.
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