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Abstract: In the present paper, we define two classes of analytic functions with negative coefficients.
Some interesting properties of generalizations of the Hadamard product in these classes are given.
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Introduction

Let T(n) denote the class of functions f(z)
of the form

f(z)=7- Ya, 7@, > 0neN\{lj= 23K}) (1.1)

k=n

which are analytic in the unit disc U ={z:|z|<1}.

A function f(z) in T(n) is said to be in the
class T (A, 0) if it satisfies the condition

zf'(z)
R
e{xzf'(z) (- k)f(z)} ¢ (1.2)
for some 0(0<0<1), A(O<A<1)and for all z[] U.

Also, let Cn (A, a) denote the subclass of
T(n) of all functions f(z) satisfying the following
condition

f'(z) + zt"(2)
Re{f’(z) n xzf"(z)} e (13)

for some a(0<0<1), A(0=A<1), and for all z[1 U.

In particular, the classes C,(A,a) and T,(A,Q)
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were studied by Altinates and Owa [1]. Putting
A=0, we obtain the classes T (0,0)=:T (a), and
C,(0,0)=:C (a), which were investigated by Choi
and Kim [2]. They are subclasses of the classes
of functions starlike of order a and convex of
order Q, respectively, (see, for details, Duren [3]
and also Srivastava and Owa [4]).

Note that

f(z) e C, (A, 0) ifand only if zf'(z) e T, (A, ).
Let f;(z)(j =12) in T(n) be given by

fi(z)=z-Ya,z"(n22,j=12). (1.4)
k=n

Then the Hadamard product (or convo-lution) f|
*1, is defined by

(fy *f))(2)=z- Zak,lak,zzk- (1.5)
k=n

For any real numbers p and ¢, we define the
generalized Hadamard product (f, Af)) by

(£,AF,)(p.qi2) = 2 §<ak,1>r’<ak,2>‘*zk. (1.6)
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In the special case, if we take p=q=1, then
(,AF,)(LL2) = (f, *£,)(2)(ze U).  (1.7)

In the present paper, we make use of the
generalized Hadamard product with a view to
proving interesting characterization theorems
involving the classes T (A,a) and C_(A,q).

2 Main Results

In order to prove our results for functions
to the general classes T (A,a) and C_ (A,0), we
shall need the following Lemmas given by
Altintas and Owa [1].

Lemma 1

A function f(z) defined by (1.1) is in the
class if T (A,a) and only if

dk—ark+1-2)a, <1-a. @.1)
k=n
Lemma 2

A function f(z) defined by (1.1) is in the
class C_(A,0) if and only if

> k[k—a(k +1-2)Ja, <1-o. (2.2)
k=n
Remark 1

As pointed out earlier by Altintas and Owa
[1], Lemma 1 and Lemma 2 follow immediately
from a result due to Altintas and Owa [1] upon
setting a, =0(k=2,3,...,n-1 (in case n=2 set a #0
because f(0)=0, f'(0)=1 which satisfy normaliza-
tion).

Applying Lemma 1, we shall prove.
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Theorem 1

Let functions fj(z)(j=l,2) defined by (1.4)
be in the classes T (A.a,) (respectively, then

(f,Af )( P=ljer DB 23

where p > 1 and

p =mindl- ; (kK1) -1 ;
Dk kg (Wk+1-0) k- (k+l-R) (2.4)
I-a A I-a ) Pl
I 2
Proof

Since fj(z)DTn()\,O(j), fj(z) by using Lemma
1 we have

i(k—ocj(kk+1—7u)

k=n I_O('j

Jaj <1(j=12)
Moreover,

k—a,;(khA+1-2)
l-a,

Z(

/
a)'P <1l (5

and

k—ay(h+1-2)
1_

Z(

1/
a,,) "<l (26
By the Holder inequality, we get

k— Ol(kl+l A) 1p k—o,(kA+1-2)
> R

P E 2.7)
P (ak,l)l/p(ak,z) P<lL
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Since

Il .

(f Af )(_p_ Z) 7- Z(a kl) 1//p(a kz) p—lfpz ké(kZZ) (28)

T ken ’
we see that

P-1
Z(W( k,l)l/p(aka)T <1(k>2) (29)
k=n 1
with
- () -
ol ko (k-0 ko (K +1-0) -
) P ) P-1-Mk-1)
I-a I-a

1 2

Thus, by Lemma 1, the proof of Theorem 1 is
complete.

Corollary 1
If the functions f(z)(j=1,2) defined by (1.4)

are in the class T (A,a) T, respectively, then

(f, Afz)( ;2) € T,(h ) (p>1).(2.10)

Proof

In view of Lemma 1, Corollary 1 follows
readily from Theorem 1 in the special case a.=a.

Theorem 2
If the functions £(z)(j = 1, 2 defined by (1.4)

are in the class C_(A,Qj), respectively, then

(f,Af, )( Z)EC *0) (p>1.(2.11)
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where p > 1 and B1 is defined by (2.4).
Proof

Since fj(Z)DCn()\,O(j), by using Lemma 2, we
get

©  k—o;(Ak+1-2
K i( )

k=n 1_aj

Ja; S1(=12n22). (2.12)

Thus the proof of Theorem 2 is similar to
that of Theorem 1, where Lemma 2 is used
instead of Lemma 1.

Corollary 2
If the functions f(z) (j = 1,2) defined by (1.4)

are in the class C_(A,), respectively, then

(fAf)( ;2)eC,(0) (p>1).(2.13)

Theorem 3
Let functions f(z)(j=1,2,...m) defined by

(1.4) be in the classes Tn()\,O(j), respectively, and
let Fm(z) be defined by

F (Z)—Z—Z(Z(ak Pz (p =2,z € V). (2.14)

k=n j=1

then

Fm(z) DTH()\,BH), (2.15)
where

hn+1-)
g, ==l e i e
m [-a
o= min o, (2.17)
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and

n—o(An+1-2)

( -0 ) P >nm. (2.18)
Proof

Since fj(z)DCn()\,O(j), using Lemma 1, we
observe that

o k — OL(M(+1 ) )
l—a )ak,j < 1(.] = 1323-->m)
k=n
and
< k—a,(Jk+1-2) ,
L, )
< im‘lmy <1(p>1.
Thus we have
g m k—ao (kk+1 L)
Poe ) PL<T.
i Z( = 5 )@,

Let 3, be defined by (2.16). Since

kk > 0(p=2,k=n), we have

B.<B (k=n). (2.19)

Thus by Lemma 1 and (2.17), we find that

Z(k B.(Ak+1-2) m

P
= 1—Bn (Z( kJ)
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o3 WP OEAL=A) (S yry
=1 1-By =1

1 (k—a(lk+1-2)

= Z )p(Z(
k=n1Nl l-a
< Z z((k U= D)0 a7 <1, 220)

= l-a

By (2.18), we see that 0<[3 <1.Thus the proof of
Theorem 3 is complete.

Theorem 4

Let functions f(z)(j=1.2,...m) defined by
(1.4) be in the class C (A,a)), respectively, and
let F_(z) be defined by (2.14). Then
F(@OCMA, a) (zOU). (2.21)
where 3 is defined by (2.16).
Proof

Since fj(z) OC, (A, aj), by using Lemma 2,
we obtain

K[k — o, (Ak +1-2)]

)ag ;<1 (222
k=n l-a ,

Thus the proof of Theorem 4 is analogous
to Theorem 3. The details may be omitted.

Remark 2

Putting A=0 in all results, we get the results
obtained by Choi and Kim [2].
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