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Abstract: In this paper, the new integral form of Popoviciu inequality for convex functions is constructed
and also the new refinement of integral form of Jensen’s inequality is given. For the purpose of application
some new quasi arithmetic means are defined along with their monotonicity property.
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1. INTRODUCTION AND PRELIMINARY RESULTS

A function g:C — R, where C isa convex subset of real vector space, is said to be convex if

g(ax+by) < ag(x)+bg(y), (1
forall x,ye C and a,b>0,suchthat a+b=1 (see [10, page ~1]).
In [10, page ~43] the Jensen’s inequality in discrete version is given as follows:

Theorem 1.1 Let C be a convex subset of real vector spaceX, g:C — R be convex function,

Dis--- D, € (0,1] such that Zlepi =1, and c,,...,c, €C, then

g(zpici ]S Z,p,»g(ci)- @)

In [10, page ~63] the integral form of Jensen’s inequality is defined as follows.

Theorem 1.2 Let h be an integrable function on a probability space (X, A, 1) taking values in an

interval 1 CcR.If g is a convex function on I such that the composition function goh is integrable,

then g [hdu |< [gohdu. 3)
X X

In [2], Brnetic’, Pearce and Pe C aric give the refinement of integral form of Jensen’s inequality

(3) by using refinement of discrete Jensen’s inequality. Moreover in [7], Laszl6 Horvath and Pecari¢ give
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the improvement of integral form of Jensen’s inequality (3) by using some refinement of discrete

Jensen’s inequality which is generalization of result given in [2], they also give new quasi arithmetic means
and prove their monotonicity.
The Popoviciu inequality is given by (see [10, page 173]).

Theorem 1.3 Let m,ne N, suchthat n=23, 2<m<n-1, [a,b]CR be an interval,

x=(x,....x,)€[a,b]", p=(p,....,p,) bea n-tuplesuchthat p,20,i=12,...,n with

Z; .=1. Also let g:[a,b] >R be a convex function. Then
n—m m—1
gm,n(xﬂp) < gl,n (X9p)+—gn,n(xﬁp)’ (4)
n—1 n—1
where

1 ” pijxii
Enn =T X [Zpij}g ST 3)

and

n!
Crrrll = m!(n-m)!’

In the current century, the Popoviciu inequality (4) is studied by many authors. In the monograph
[6], the generalization of (4) for real weights, mixed symmetric means, exponential convexity, mean value
theorems and Cauchy means are studied. In [8, 9], the integral version and refinement of a special case of
(4) is proved respectively. In [1], the higher dimension analogue of a special case of (4) is given. Moreover,
in [3, 4, 5] (4) is generalized for higher order convex functions via different interpolating polynomials. We
use the idea of Brnetic’, Pearce and Pe C aric given (for Jensen’s inequality) in [2] to construct the integral

form of Popoviciu inequality (4) . Also following the way of Laszl6 Horvath and J. Pe Caric’ given (for

refinements of Jensen’s inequality) in [7] we give application to the quasi arithmetic means.

2. MAIN RESULTS

We now consider some hypotheses which are used in our work.

(H,) Let (X,E,u) be a probability space, and let p,,...,p, be positive numbers with

Zizlp i~ L.
(H,) Let h: X -1 cR be an integrable function.

(H;) Let g beaconvex function on interval / such that the composition go/ is integrable.
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Let m>2 be a fixed integer. The o -algebra in X* generated by the projection mapping
pr X > X(1=1,...,m)
pri(x,,...,x, ) =X, (6)
is denoted by E*. And u" is defined as the product measure on E , this measure is uniquely ( MU is O

-finite) specified by
U (B X...xB )=uB)....(B,), B ek, [=1,...,m. 7

Theorem 2.1 Assume (H,)-(H,), then the following inequalities hold.

a.
1 m Zpij h(xij )
el 2 Zpi. Jg e /L C T
Cm—l 15[l<"‘<im5" j=1 J om zp 1 m
= Ui
<23, Jahx)du(x)
=l X
m—1 u .,
+ 1 ig[gpih(xi))dﬂ (X 500 %; ).
b.

< 30, Ja i)

Proof. (a) On integrating the inequality (4) over X" andreplacing x, by Ah(x, ), we have
J J

1 Y XS
) z zpi. Jg Flm— I AN A
Coliisipcomt <l 31 7 : 4
m—1 1< <..<i, <n\ j Iy zpi].
=i
< n—m

1 ipi Ig(h(xi))dﬂ"(xil ,...,Xl-n)
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m_l \ n
t— ig(;pih(x,-)]dﬂ (X, 500X, )-

On simplification we have

m

| . 2P h(x,)
P 2 [Zpij}‘..g Hm— :um(xil""’xim)

m—1 1<i; <..<i_<n\ j=1 m
1 m X pij

J=1

x [du(x, ... [dux, )

n

< n__'? Z:,pflgoh(x,)du(xi)x Xj dp(x, ). J du(x, ) Xj du(x, ... J du(x, )

+ m-l Jg[ipih(xi))dﬂ"(xil,...,xin ).

n—1"°"| =
X
This gives
| . 2.7 h(x,)
— "
P 2 [Zpij}‘..g jm— yes (xila"”xim)
m—1 1 <..<i, <n\ j=1 ) D,
< n—m

1 ipfjg(h(xi))dﬂ(xi)

m—1 L )
S— Jg[gpih(xi)]dﬂ (X 5o X ).

n

(b) Using the discrete Jensen’s inequality in the last term of inequality given in (a) and on solving, we have

m

1 " Zpifh(x’j)
ol > (Zp,-j}fg L (x50, )

m—1 1Si1<...<imSn Jj=1 Ixm §p
1.
J

J=1

n

ROV CUCHLZEY

<

+’:—:11(P1 Jg(h(xl))d,u"(xil,...,xl.n)+...+Pn J‘g(h(xn))a’,u"()cl.1 . )),

x" x"

this gives
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2p, (5

1 m
Cn z sz J. ﬂ (xil’ i im)
]1<ll< <l <n\ j=1 ™ zp
=i
', [e(htx )du(x,).
i=1 X
Under the hypothesis (H,), (H,) and (H,), define the function H, (¢#) on [0,1] given by
1
H,0O)=—= Y ZP,
Cm—l < <l1<l’l Jj=1

Zp h(x; )
X jg t“—+(1—t)jhdy 1" (X, X, ). (8)
X" Zpi

=
Theorem 2.2 Form = 2 be an integer, we assume (H,) -(H;) and consider H,, :[0,1]- R as defined in
(8) then the following statements are valid.

a. H 1isconvex.

m

b min ()= H,,(0) = g[jhdu]

te[0,1]

C. maxH (t) H (1)

1e[0,1]

d. H, isincreasing.

n

Proof. (a) Suppose «, fe[0,1] with o+ =1 and u,ve[0,1], then from (8) we have

3 [$n]

m11<11< <l <n j=1

Zp, h(x, )
xj (au+ﬂv)”—+(a+ﬂ—au—ﬁv)jhdu T CARINE D)
D X

=1
On simplification we have

1
a3 (Sn]
m— 1 1<11< <z <n

j=1
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Zp, h(x, )
x [ g u—+(1—u)jhdﬂ +
X" Zpi ¥

m

b, h(X)
Blvi (- V)Jhd,u " (x; 5000, )-
Yo

A

By convexity of g, we have

3 [3n]

mll<ll< <l <n\ j=1

i ()
X Jg u—+(1 u)Jgd,u 7 (x m)+
X A

A7

1 2p, )
B—— (zp, Jj +(1—v)jhdy [T CAREA)

Cil e S\ S e
IR
that is
H, (ou+pv)y<oH, (u)+ pH, (v).
Therefore H, is convex function.
(b) By the integral from Jensen’s inequality (8) yields

HOzor Y (Zp,J

m—1 l<l]< <l <n\ j=1

>, hx, )
xg [ |11 r)Jgdﬂ (35, s, )
x" zpij

Jj=1

or

Hm(t)zcil > (ZP,] ©)

m11<11< <l <n\ j=1

where



Integral Form of Popoviciu Inequality for Convex Function

i )
1= |+ ——+a- t)jgdﬂ L (X, s, )
xm zpi

Zp, h(x, )
=t [ P (x4 (1 t)f[]gdﬂ}du (5,
et sz_ P
=3 Jhdu+ (1-0) g

= Jgdﬂ
X

so from (9), we have

1
1,02 o5 X [2p, ]g( Jgdﬂ)
m—1 1<11< <l <n\ j=1 X

=H (0), Vte[0,1l].

(©
H, ()=H, (1t+(1-1)0)<tH (1)+(1=1)H, (0)

<tH ()+(1-HH (1)
=H (1), Vte[0,1].

345

%, )

(d) Since H, () isconvex and H, (t)=H,  (0)(t€[0,1]), therefore for 0<t¢, <t, <1, we have

L= L -

S0
H (t,)=2H,(t).

Theorem 2.3 Assume (H,), (H,) and (H,), then

g(jhdﬂ]s H,(t)<H, (1)< [gohdu.

(10)

Proof. Using (b) and (c¢) of Theorem 2.2 we get first two inequalities, and for the last inequality

1
Ha)= 2 (Zp, ]
-1 1<11< <l <n

/1‘
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m

2P h(x,)
x [ gl S " (5, o, ).

q m
m
Y
j=1

Using the discrete Jensen’s inequality, we have

Hm(l)sci—l z [ipij)

m—11sij<..<i <n\ j=1
m
zpij
i=1
X]i Jg(h(xij )pﬂm(xila'”,xim )9
p; X"

P

this gives

H,(1)< [gohdp.
X

Remark 2.4 A refinement similar to (10) of integral form of Jensen’s inequality is proved in
Proposition 7 of [7].

3. NEW QUASI-ARITHMETIC MEANS

Now we introduced some new quasi arithmetic means. For this first assume some conditions:

(H,) Let h: X =1 ,where I cR be an interval, is measurable.
(Hs) Let a, B:1 —>R are continuous and strictly monotone functions.
Definition 1 Assume (H,), (H,) and (H,).

For te[0,1] we define the class of quasi-arithmetic mean given by

Mj,z(t’gnu) ::l_l(c}zl 2 (ipij )

m—1 1Si1<...<imSn j:1

m

2.0 Mg (x,)
x [ rod |t +(1=0 M)y du" (5.0, ). an
xm Zpij X

Jj=1

where the integrals are supposed to be exist.
Assume (H(), let 7:1 — R be a continuous and strictly monotone function such that the

composition 770/ is integrable on X . Define the mean

M, (h, ) =77‘1( jnohdu]. (12)
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Theorem 3.1 Assume (H,),(H,), (Hs) and assume that Aoh and yoh anintegrable on X .

() If y o A" is convex with X 1s increasing or Y oA is concave with X 1s decreasing,

then
M (ho i) < M, (1 ho i) < M (h, ), (13)
holds for all 1€ [0,1].

(b) If yoA"' is convex with y is decreasing or yoA™ is concave with y is increasing,

then
Mﬂ(hnu)ZM;(,/'L(tahs;u)ZMl(huu)’ (14)
holds for all #€[0,1].

Proof. (a) Using pair of functions oA and A(h) (A(I) is an interval) in Theorem 2.3, we have

Zoﬂ‘lu/i(h)dst Cil D (ip[j}

m=1 1S <..<i, <n\ j=I
>p, Ah(x, )
X j;(o,r‘ tj:lm—+(1—t)J./1(h)d,u YT CARNE
XM Zpi X

=

m

> p; Ah)
1 il =i 7
Ssom X |2p, [arod!| 2" (v, o, ).

-1 lSil<...<imSn Jj=1 Ixm p
: : i.
J

Jj=1

Using the discrete Jensen inequality on the right side of last inequality we get

Zoxlu/uh)dﬂJs cl-l > (ip,.j]

m—1 lsi1<...<im5n j=1
Zpij ﬂ(h(xij )
X j;(o);‘ S +(1—z)j/1(h)dy T CARINE A
xm Zpl X

P

< [x(hdu.

On taking ' on both sides we have (13).
(b) Similarly using the pair of functions — yo A" and A(h) in Theorem 2.3, where yoA
is concave. On taking ™' the we have (14).
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