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Abstract: A popular non-parametric approach constantly employed in the estimation of probability density function 
(PDF) of data is kernel density estimation (KDE) and the technique is vital in several statistical methodologies because 
of its functionality in data analysis. This study assesses the efficacy and efficiency of new kernel family known as the 
new beta polynomial family (NBPF) kernels which is generated by additional power to the polynomial functional form. 
The numerical efficiency of the newly introduced kernel family improves substantially due to the integration of the 
functional modification. The efficiencies of the classical polynomial family decreases with increase in the polynomial 
power while the reverse is the case with the new family which demonstrates an exceptional improvement with increase 
in its power and also sustaining computational flexibility. A comparative assessment of the efficiencies of NBPF shows 
that it exhibits superiority over the existing beta kernel family (BKF), demonstrating their adaptability to modern 
techniques in probability density functions without rigid parametric assumptions. Again, a real data application of the 
NBPF reveals that the family possesses retention capacity of intrinsic characteristics of the dataset. The numerical 
improvement of the efficiencies of NBPF as well as the ability of NBPF to retain essentials statistical characteristics 
emphasise the importance of the NBPF in data analysis and data visualization.
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1.	 INTRODUCTION

Kernel density estimation (KDE) is one of the vital 
non-parametric methods in statistics primarily for 
the estimation of probability density functions 
(PDFs) of random variables [1-3]. The classical 
parametric methods usually assume that data been 
evaluated belong to distributional group, whereas, 
KDE is void of distributional assumption but allow 
the observations to speak for themselves. The lack 

of distributional assumptions in KDE enhances 
more flexibility in the detection of complex features, 
particularly in real-life observations. Kernel 
estimation is greatly important in the analysis of 
data with no prior knowledge on the fundamental 
distribution by generating a smooth continuous 
density estimate over the entire datasets [4]. KDE 
usually generate a smooth curve that provides the 
information embedded in the data and also display 
statistical features such as peaks known as the 



modes of the data and troughs of the distributions. 
The analysis of data using the KDE strategy is 
vital in most data analytic techniques and of wide 
applications as well as a strong foundation in 
different fields. One of the importance of the KDE 
approach is that the knowledge derived is generic 
and can be extended to other smoothing setting. 
Again, the effectiveness of the KDE approach 
in several disciplines is due to the simplicity of 
extending the technique to other complex estimation 
methodologies.

The KDE methodology is a prominent tool 
in exploratory data analysis (EDA) and data 
visualization (DV) especially amid investigation of 
the statistical composition of dataset in reference 
to the underlying probability distribution. One of 
the essential benefits of KDE is the idea of non-
imposition of distributional assumptions on the 
observations which has resulted in widespread use 
of the approach on different datasets [5-7]. The 
occurrence of vehicular road accidents between 
2010 and 2020 which accounted for 30% of road 
traffic crashes as published by the European Union 
was analysed by Baranyai and Sipos [8] using 
kernel method by implementing the black-spot 
technique. Additionally, owing to the extensive 
applicability of KDE, the technique is of great 
utilization in identification of region having 
elevated data density in clustering analysis as well 
as bump hunting with significant uses in pattern 
identification and image editing [9]. More so, KDE 
has gained popularity in anomalies detection or 
outliers especially in estimation of underlying data 
distribution, affirming KDE as a veritable tool in the 
detection of fraud as well as network security [10, 
11]. The kernel approach is of great significance 
in estimation of income distribution, analysis of 
income inequality, and suitable policies formulation 
with recommendations [12]. The volatility of the 
stock market can be determined using the kernel 
technique in examining the frequent changes 
usually associated with the trading volumes in 
order to acknowledge the behaviour of the stock 
market. Fan and Cheng [13] investigated stock 
trading volumes with respect to market share and 
their probability distribution using KDE with the 
aid of long-term and short-term integration memory 
network strategies in modelling the dynamics of 
trading volume. The prevention of traffic accidents 
is critical to effective road management systems 
particularly, the identification of hotspots. In the 

study of Srikanth and Srikanth [14], hotspots in the 
city of Des Moines, United States, were identified 
with KDE for five consecutive years’ data from 2008 
to 2012. The identified hotspots were provided by a 
visual display of traffic crashes locations based on 
the statistical significance of their density estimates.

Heavy rainfall that is characterized by massive 
destructive winds and accompanied by snow 
is frequently experienced in Bangladesh which 
is located in Southern Asia due to the climatic 
irregularity and distinctive geographical position. 
The analysis of cyclone data was investigated by 
Tuya et al. [15] from 1960 to 2023 in Bangladesh 
using the KDE method by identifying areas that 
are prone to cyclones. The study furnished the 
government with invaluable knowledge to improve 
effective planning that mitigates the consequence 
of cyclones in the country. Lasocki [16] examined 
the application of KDE in seismology in which the 
magnitude was estimated as seismic variables with 
continuous distributions. Similarly, Pollard et al. 
[17] applied KDE in archaeological investigation 
of spatial analysis and the findings provided 
valuable insights into spatial archaeological results 
especially in Geographic Information Systems 
(GIS). Additionally, in clustering analysis, KDE 
approach is of great importance especially in the 
identification of areas having high density of data 
points. The KDE methodology has gain popularity 
in several fields of studies, such as road network, 
image editing, and pattern identification [18-20].

The extensive applications of the kernel 
approach are accompanied with numerous 
difficulties for effective implementation. The main 
problem associated with the KDE approach is the 
accurate selection of the bandwidth as well as the 
kernel function. The kernel estimator (KE) and 
kernel function (KF) are impacted by the choice 
of the bandwidth greatly however, with minimal 
impact on KF since most KFs are probability density 
function [21]. Despite the difficulties connected 
with accurate bandwidth selection, researchers are 
regularly introducing novel bandwidth selectors to 
improve KDE’s performance [22, 23]. Moreover, 
there is a decrease of the applicability of kernel 
technique in multivariate environment due to the 
phenomenon known as “curse of dimensionality 
effect” usually connected with non-parametric 
statistical estimation [24, 25]. This condition 
has given rise to the application of sophisticated 
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techniques capable of successfully addressing these 
challenges.

The introduction of modern methodologies 
into kernel approaches have largely contributed 
effectively to performance improvement especially 
in bandwidth selection, new kernel estimators, 
and extension of the kernel method in numerous 
disciplines [26]. Again, the introduction of 
modern computational techniques has addressed 
the problem of scalability in large datasets [27, 
28]. The performance and efficiency of a newly 
introduced beta polynomial kernel is examined in 
this study. The justification for the introduction 
of new kernel family is hinge on the need for 
improvement in kernel performance as well as 
efficient estimation techniques. The new kernel 
family promises improved performance, that is 
reduction of estimation error using the asymptotic 
mean integrated squared error (AMISE) as criterion 
function, and better efficiency in density estimation. 
The improvement of performance and efficiency 
of the novel beta kernel family is ascertained in 
comparison with the classical beta family.

2.	 MATERIALS AND METHODS

This study employed strategy geared towards 
the exploration of the efficacy and effectiveness 
of a novel kernel family in statistical density 
estimation. The kernel techniques are versatile 
and widely recognized especially in modelling 
probability density functions that do not require 
stringent parametric assumptions. This study 
assesses the efficacy and efficiency of NBPF in 
KDE, demonstrating their adaptability to modern 
methodologies in probability density functions 
without the rigid parametric assumptions. The 
proposed kernel family demonstrate a propitious 
behaviour and adaptability feature when evaluated 
within the interval support of [−1, 1]. Typically, 
the KDE technique is of widespread uses in non-
parametric estimation methods in modelling 
several events. Rosenblatt [29] proposed the 
kernel estimator, while Parzen [30] popularized its 
applications across multiple disciplines, particularly 
in exploratory data analysis and data visualization 
[2, 31]. Generally, the kernel’s closed form is:

(1)

In this context,  represent a kernel function,  
denotes the bandwidth that controls the estimates’ 
smoothness,  is the total observations,  refers 
to data variations and  denotes variables to be 
estimated [12]. Certain conditions are usually 
satisfied by this estimator, which are:

  (2)

A kernel function is typically symmetric, integrates 
to one with zero mean, non-zero moment, and is 
a PDF (probability density function). The two 
fundamental components in KDE are the selection 
of bandwidth and the choice of the kernel function. 
In terms of bandwidth selection, numerous 
researchers have introduced innovative selectors, 
whereas there has been limited investigation into the 
kernel function [1, 32]. The selection of bandwidth 
significantly influences the efficacy of the KDE, 
and a globally utilized evaluation performance 
metric in KDE is the mean integrated squared error, 
which is:

(3)

where  denotes kernel roughness,  
depicts the kernel moment and  
represents unknown function roughness [33]. The 
MISE has an asymptotic version, which is: 

(4)

The bandwidth with the minimum AMISE, as 
presented in Equation (4), is referred to as the 
optimal bandwidth and is given by:

(5)

The bandwidth value derived from Equation (5) 
yields the minimum AMISE. Accurate selection 
of the bandwidth is of great significance in KDE 
methodologies due to its smoothing role. Innovative 
techniques have been recently introduced to address 
the difficulties linked with accurate bandwidth 
selection [21, 34].

2.1. The Existing Beta Polynomial Kernel 
       Functions

There are different kernel families in density 
estimation but the beta kernel family is frequently 
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used due to its unique mathematical tractability. 
The compact form of the beta kernel is:

(6)

Here is the input of the kernels, 
and p is the kernel order, which is two in this study 
[35]. The kernel orders typically refer to kernel 
moments, which are non-zero values, while the odd 
moments of kernels are equal to zero. Kernels that 
display negativity within their interval of support 
are typically not classified as second-order. The 
beta kernels are probability density functions that 
are assessed within the closed interval −1 ≤ t ≤ 
1. Certain kernel functions, including Uniform, 
Epanechnikov, Biweight, and Triweight kernels, 
have corresponding values of  ranging from 0 to 
3. As  approaches infinity, the resulting kernel 
converges to that of the Gaussian kernel [36]. 
The Epanechnikov kernel, characterized by 
, is considered optimal for the AMISE because it 
produced the least value which is:

(7)

Other members corresponding to  called 
Biweight, Triweight, and Quadriweight kernels, 
are:

                                    (8)

(9)

(10)

However; as  approaches infinity, the resultant 
is the normal kernel function that is not exactly a 
member of this family, and it is expressed as:

(11)

The commonly used kernels from the beta family 
in KDE include Equations (7) to (9), along with the 
normal distribution function, classified not firmly 
belonging this group. Other members derived from 
this family are rarely used because those with higher 
powers tend to be less efficient. The efficiency of 
these kernels is evaluated using the Epanechnikov 
kernel (EK), the first member of this family, which 
is regarded as optimal in reference to AMISE. 

Generally, the efficiency of kernel functions 
besides Equations (7) to (9) decline as the index 
of the generated function increases. The optimum 
efficiency for the function is typically equal to one, 
whereas other functions usually exhibit efficiencies 
that are less than one, with numerical values 
progressively decreasing. 

2.2.	 The New Beta Polynomial Family

The technique for the derivation of the new 
beta polynomial family (NBPF) is based on the 
modification of the additive construction approach. 
The modified additive construction rule is:

(12)

where p is the kernel order and  denotes the 
argument of the kernel. On letting  in 
Equation (6), we have Equation (13) given as:

(13)

Again, taking the derivative of Equation (13) with 
respect to , yields Equation (14), which is:

(14)

Furthermore, substituting Equation (6) and 
Equation (14) into Equation (12), we have: 

(15)
Further simplification of Equation (15) results in 
the new second-order kernel, which is:

(16)
The initial members of the newly proposed second-
order kernels are:

(17)

(18)

(19)
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(20)

Similarly, when  tends to infinity, the resulting 
normal kernel is: 

(21)

The bandwidth of both the traditional and proposed 
kernels, as well as the AMISE, demonstrates 
comparable orders. However, the proposed kernels 
exhibit remarkable qualities that distinguish them in 
performance. The proposed kernels meet the criteria 
for second-order kernels in Equation (2). Again, the 
advantage of the proposed method over its classical 
counterpart is the possession of additional powers 
that resulted in a high degree of differentiability, 
which significantly enhances their performance 
in terms of AMISE and efficiency. Polynomial 
kernels are of broader uses due to their ability of 
handling data with nonlinearity characteristics in 
data analysis [37]. In classification and regression 
methodologies, the kernel approached has been 
widely applied as noted by Liu and Xie [38], while 
Ngu et al. [39] presented a detailed assessment of 
the applications of kernel functions particularly 
with emphasis on regression and classification in 
the framework of sensors. 

2.3.	 The Efficiency of Kernel Function

Generally, kernel efficiency is often assessed in 
comparison with the Epanechnikov function. The 
kernel efficiency is derived from the established 
relationship defined as follows:

(22)

Here  denotes other 
kernel constants while  
is Epanechnikov kernel constant [36]. Equation 
(22) shows that determining the efficiency of 
a kernel function requires two key statistics: 
kernel roughness and kernel moment. The kernel 
roughness is defined by:

(23)

Again, the kernel moment, commonly known as 
variance, is:

                                       (24)

Typically, the AMISE optimum kernel of the 
proposed family is also Epanechnikov kernel (EK), 
as it yields a minimal value as the conventional 
kernels.

3.	 RESULTS AND DISCUSSION

To evaluate the effectiveness of the new beta kernel 
family, the study employed both simulated and 
real-world data. Application of the NBPF to real-
world data of the old faithful geyser is done for 
practical implementation [2]. The achievement of 
NBPF was compared to that of BKF using AMISE 
as a performance metric. This metric provides 
a quantitative basis for measuring the accuracy 
and efficiency of the new kernel function. The 
numerical computations and the graphical analysis 
were performed using Mathematica version 12.3 
software. This study examines the statistical 
properties of Epanechnikov, Biweight, Triweight, 
and Quadriweight kernels because they serve as 
foundational kernel members for a comprehensive 
discussion, particularly the optimum kernel 
function, in the evaluation of efficiencies of 
other functions within this family of kernels. The 
efficiency of kernels can be used as an assessment 
of their performance.

The efficiency values were calculated for both 
the NBPF and BKF kernels. The efficiencies of the 
NBPF and BKF kernels are presented in Table 1 
with the results obtained being compared with EK 
as the optimum kernel. NBPF displayed superior 
efficiencies over BKF kernel family comparatively, 
demonstrating their dominance and effectiveness 
over the traditional BKF family. The noticeable 
improvement in efficiencies of the proposed NBPF 
kernels is ascribed to the degree of the constant of 
normalization as well as the functional modification 
incorporated into the NBPF family. The coefficient 
of any beta kernel is typically the normalization 
constant which contributes significantly to the 
performance and numerical values of the efficiency. 
The optimum kernel is the Epanechnikov function, 
hence its efficiency value is always one while 
other members of the traditional BKF kernels 
exhibited numerical values that are less than one 
as their efficiencies. Table 1 illustrates that as the 
power of the kernel increases, the efficiency of the 
proposed NBPF kernels also rises, in contrast to 
the decreasing efficiency observed in conventional 
BKF kernels. The enhanced efficiency of the NBPF 
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functions is linked to their larger normalization 
constants and the functional modifications, hence 
more effective than traditional BKF functions. 
Figures 1 and 2 are the graphical representations of 
the conventional BKF and newly introduced NBPF 
kernels, respectively. The plots of both NBPF and 
BKF were evaluated in a specified interval of −1 
≤ t ≤ 1. All beta polynomial kernels are typically 
analyzed within this interval, and statistical 
components such as kernel roughness and moment 
are numerically computed within this interval in the 
determination of bandwidths and kernel efficiency. 
The efficiency of the existing BKF is denoted by  
Eff (KBKF) while the efficiency of NBPF is denoted 
by Eff (KNBPK) in Table 1 respectively.

The AMISE of the simulated data of 6000 
as the sample size for both BKF and NBPF is 
presented in Table 2. The results in Table 2, in terms 
of AMISE as a metric of performance, suggested 
that the NBPF kernels are more effective than 
BKF. An increase in kernels’ power leads to graphs 
with narrower peaks, as shown in Figures 1 and 
2, and both plots illustrate the characteristics of 
the conventional BKF and proposed NBPF kernel 
functions regarding peakedness. The estimates 
derived from the traditional BKF Epanechnikov 
function and Biweight kernel are classified as 

platykurtic, as they exhibit a wider peak. In contrast, 
the newly introduced NBPF exhibit leptokurtic 
behaviour, especially at higher powers with more 
acute peaks. The level of differentiability of the 
kernel serves as the primary factor in determining 
the peakedness of the kernel, as illustrated in graphs 
featuring higher-degree polynomials in Figure 2 of 
the NBPF. Kernel functions characterized by higher 
degrees possess more derivatives and substantial 
normalization constants, which typically result 
in graphs that exhibit acute peaks with enhanced 
quality kernel estimates.

One of the main applications of kernel density 
estimation is the exploration of obscured or hidden 
features in a dataset [40]. Statistical properties 
such as skewness and modes in a dataset are 
easily revealed by KDE while in some cases, KDE 
do provide invaluable insights that would give 
essential information for additional investigation. 
The identification of the underlying statistical 
properties of a dataset through a smooth curve of 
the data is a fundamental role of KDE, and this 
is vital in understanding the intrinsic nature of 
the observations, thereby providing information 
for making decisions. This study investigated the 
Old Faithful Geyser data which comprises 107 
observations with emphasis on the durations of 

Kernel Functions Traditional BKF Proposed NBPK 

Epanechnikov 1.000 1.000

Biweight 0.994 1.072

Triweight 0.987 1.159

Quadriweight 0.981 1.227

Table 1. Traditional BKF efficiencies and proposed NBPF efficiencies.

Kernel Functions AMISE of BKF AMISE of NBPF 

Epanechnikov 0.000559711 1.000 0.000264222 1.000
Biweight 0.000776042 0.994 0.000294581 1.072
Triweight 0.000852696 0.987 0.000323289 1.159
Quadriweight 0.000952354 0.981 0.000353209 1.227

Table 2. AMISE and efficiencies of BKF with NBPF using a sample size of 6000.
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eruption in minutes [2]. The kernel estimates of 
the real data as seen in both the BKF and NBPF 
demonstrate bimodality as presented in Figures 3 
and 4 by Epanechnikov kernel (EK) and Biweight 
kernel (BK), respectively. The results reveal that 
there are two unique clusters in times of eruption 
with focus at 1.9 minutes and 4.5 minutes, 
respectively. This bimodal characteristic implies 
that the duration of the eruption can be influenced 
by several indispensable factors. 

The visualization of the data using the KDE 
approach has established its usefulness in capturing 
features in the data with the bimodality being 
evidenced. The bandwidth employed in constructing 
the kernel estimates of the BKF and NBPF in 
Figures 3 and 4 is obtained by standardization of the 
data, and the bandwidth is 0.437. The bimodality of 
the real data as evidenced in Figures 3 and 4 which 
are estimates of BKF and NBPF is a validation of 
the proposed NBPF functions in preservation of 

Fig. 1. The plots of traditional (BKF) second order beta kernel family.

Fig. 2. The plots of proposed (NBPF) second order beta kernel family.
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vital statistical characteristics. The estimates of the 
proposed NBPF of Epanechnikov and Biweight 
kernels exhibit similarity but the traditional BKF 
Biweight estimate display a sharp presentation of 
the modes. The retention of inherent features of 
a dataset is essentially based on the appropriate 
selection of the bandwidth as well as the kernel 
function. The vital responsibility of revealing 
inherent statistical features in a dataset has been 
corroborated by the proposed NBPF functions.

4.	 CONCLUSIONS

The proposed kernel family are versatile in density 
estimation, effective in data analysis as authenticated 
by the AMISE, and superior efficiency values. The 
versatility of the proposed kernels is particularly 
noticeable in the AMISE as well as the efficiencies. 
The incorporation of the functional form gives high 
level of smoothness that guaranteed their wide 
applicability across the spectrum of many statistical 
fields. Selection of kernel function typically 
depends on level of smoothness of its estimates, 
and the degree of differentiability of the function. 
Kernel functions with higher degree usually 
generate smoother estimates because they can be 
differentiated continuously, while noisier estimates 
are often produced by kernels with lower degrees 
of differentiability. The outcomes of the research 
show that NBPFs outplay BKFs with reference 
to AMISE and efficiency. The improvement in 
performance of both AMISE and efficiency of the 
new kernel family is attributed to the magnitude 
of the coefficients of the kernel functions and the 
structural modification of the functional form.
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